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0. INTRODUCTION 
For a natural number vand two sequences {A(k),B(k)}k of binomial coefficients, the follow-

ing convolutions of Vandermonde type, 

C(rn, w, v): = ]T A(m + kv)B{n - kv) , 
k 

will be investigated in this paper. When v = 2, 3, 4, the convolutions will be nominated duplicate, 
triplicate, and quadruplicate, respectively. Thanks to the explicit solutions of the corresponding 
algebraic equations, we will establish the generating functions of binomial coefficients with run-
ning indices multiplicated accordingly. Then the formal power series method will be used to 
demonstrate several binomial convolution identities. 

When v = 1, we reproduce a pair of binomial identities and the related generating function 
relations, from which our argument will be developed. In this respect, there are two general con-
volution formulas due to Hagen and Rothe (cf. [9], §5.4), 

^ a (a + k0\(Y-k0\y-n(l _a + y-np(a + Y\ ( . 
h« + W\ k k^)y-k(}- a + y { n ) <0-la> 

and 

tMa"%'-')--^r) (0lb) 
which have been recovered by Gould [7] (see also [3], [6], and §4.5 in [10]) through manipulating 
the generating functions 

and 

£Ja + *A k J fl + fj-firi' 
where r = (27-1)/?/*. More binomial convolution formulas and the related hypergeometric iden-
tities may be found in [4] and [8]. 

For an indeterminate x and a complex sequence {T(k)}k, the generating function is defined by 
the following formal power series: 

•/(*) = £r(*)x*. (0.3a) 
jfc=0 

Denote by ov = exp(2; r^ ) the Vth primitive root of unity. Then there exists a well-known 
formula to determine the generating function of the subsequence with running indices congruent 
to 1 modulo v, 
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vf] T(kv+i)xkv+l = £ a#v-i>f(xafv), (0.3b) 
k=Q *r=0 

which will be used in this paper frequently without indication. 

1. DUPLICATE CONVOLUTIONS 

For p = 1/2, the functional equation between two variables rand TJ in (0.2) becomes quad-
ratic. The substitution of its solution 7](2T) -> U2(T) leads the generating functions stated in 
(0.2a) and (0.2b) to the following lemma. 

Lemma 1.1: For two indeterminates rand Urelated by 

we have functional equations 

2r = U-j-oU = r + yll + T\ (1.1a) 

and generating functions 

and 

1 = U(T)XU(-T), (1.1b) 
2T = U(T)-U(-T), (1.1c) 

2yl\ + r2=U(r) + U(-T), (l.ld) 
1 + U2(T) = {U(T) + U(-T)}U(T), (Lie) 

1 + U2(-T) = {U(T) + U(-T)}U(-T), (l.lf) 

S I * FT) ~u(r)+u(-ry (L2b) 

Their combinations lead us immediately to the following proposition. 

Proposition 1.2: With the complex function [/defined in Lemma 1.1, we have generating func-
tions on duplicated binomial coefficients: 

U2°(T) + U*"(-T) = f ^-(a^k)(2rr, (1.3a) 
k=o a "•"K V / 

^ a - i ( r ) _^ a - , ( _ T ) = g2^ra + n(2r)2fc+1) (13b) 
k=0 a^~K \ J 

U(T)+U(-T) ~iX2k r } ' ( } 

U(T)+U(-T) tXx+2kr } ' { } 

Based on these relations, we are ready to establish binomial formulas on duplicate convolu-
tions. 
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a + k \m + 2k)\p-2k) c-k 

2a + 2c-rn-n(a + c} , / um2e-2a+m-n(c-a + m\ ^ A\ 

Theorem 1.3 (Duplicate convolution identities [5]): 
x^2a-mf a + kY c-k} (a+c\., nm(c-a+rn\ nA\ 

t " ^ F U + 2^J^-2^J^^+WJ + (-1) [ m + n } (L4a> 
E 2a-mf a + k Y c - i \2c-n ,. . . . 

^-^rlni+^ll i i -^l-Trr (L4b) 
la + 

Proof: By means of Lemma 1.1, manipulate generating functions 
oF7l+2c-w/„\ sjTTl+2a+2c-n/-\ r%jjl+2c-2a-n / _ \ 

/772a/ x + r/2«/_ x, _2f/ ( IL = 2t/ (r) 2£/ (r) 
1 w V " £/(r) + t /(-r) t/(r) + £/(-r) t/(Y) + £/(-r) 

and 
rrr^-lf-x f / 2 0 - l ( _ „ „ 2 C / 1 + 2 ™ ( r ) = 2<72°+2e-"(r) 2 ^ + 2 c - 2 a - " ( T ) 
1 w V " t/(r) + E/(-r) £/(T) + C/(-T) C/(r) + f/(-r) ' 

According to Proposition 1.2, the coefficients of T" and t1+" in the formal power series expan-
sions lead us, respectively, to the following convolution formulas, 

and 
> 2a-l^a-f-A: V c - ^ ^ r^ + ĉ l fl + c - a^ •. ^ 

which have been discovered for the first time by Andrews-Burge (see [1], Eqs. 3.1-3.2), with the 
help of hypergeometric transformations in their work on plane partition enumerations and deter-
minant evaluations. 

Letting 8 - 0, 1 be the Kronecker delta, we can unify both formulas as a unilateral convolu-
tion identity, 

x^2a-S(a + k Y c-k }_f^ + c},_ns(S + c-a\ 
^~^Tk~{S + 2k){n-2k)-{S + ny^ l) { S + n J' 

which, in turn, is expressed under parameter replacements 
k->k + p, 
a->a-p9 
c^c + p, 
n-*n + 2p, 
8-^m-2p, 

as the first finite bilateral convolution formula stated in the theorem. 
Again from Lemma 1.1 and Proposition 1.2, consider the generating functions 

{U2a(r) + U2a(-r)} x U2c~n(T) = U2a+2c~n(T) + U2c-2a~n(T) 
and 

{U2a~l(r) - U2a-\-r)} x U2c~n(T) = U2a+2c-n-\r) - U2c-2a-n+l(r), 
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then the coefficients of rn and rl+n in the formal power series expansions result, respectively, in 
the following binomial convolution identities: 

Z 2a (a + k\2c-n( c-k\ /* £ \ 

k 7^k{ 2k ^{n-2k) (L 6 a> 
2a + 2c-n(a + c\ , 2c-2a-n(c-a\ ,, ,«v 

= - ^ T ^ l n J + - ^ - l n > (L6b) 
Z la-\(a + k\2c-n( c - k \ ,, c ,. 

t ^Tti+2*jTTlii-2*J • (L6c) 

2a + 2c-n-\(a + c\ 2c-2a-n + lf\ + c-a\ ,, . . . 
= TTc ll+»J l + c-a { l+» } (L6d) 

Their bilateralization derived exactly in the same way as in the proof of the first formula (1.4a) 
leads us to the second one (1.4b-1.4c). This completes the proof of Theorem 1.3. • 

As a by-product, we present a pair of convolution formulas of Jensen type. From Lemma 
1.1, it is trivial to have the formal power series 

1 = 1 = l y T* 
U(T) + U(-T) 2{U(T) -T} 2 £ j Ul+k(r)' 

By means of Proposition 1.2, we can establish the following expansions, 

Ul+2a(r) + Ul+2a(-T) 2Ul+2c(r) = ^ T*Ul+2a+2c-k(T) + TkUl+2a~2c+k (-T) 
U{T) + U{-T) XU(T) + U(-T) ^ U(T) + U(-T) 

and 
U2a(r)-U2a(-T) 2U1+2C(T) = y r ^ 2 a + 2 c ^ ( r ) - r*E/2c-2"-*(r) 

t/(r) + t / (-r) Xf/(T) + C/(-r) £ 0 £/(r) + t / ( -r) 

whose coefficients of rn and r1+w lead us, respectively, to the Jensen convolutions 

and 

^ l V a J ^ (L7b) 

Further formulas of Jensen type and binomial identities related to Theorem 1.3 as well as their 
applications to determinant evaluations can be found in [2] and [5]. 

2. TRIPLICATE CONVOLUTIONS 

When J3= 1/3, the functional equation between two variables rand t] in (0.2) is cubic. The 
substitution of its solution rf(3r) —»V3(r) can be used to reformulate the generating functions 
stated in (0.2a)-(0.2b) as follows. 

Lemma 2.1: Denote the cubic root of unity by s = exp(2m /3). For two indeterminates r and V 
related by 
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rl 1 _ ir A / _ X . T 3r = r ~ o F = A ( r ) + ^ , (2.1a) 

where 
A(r) = ̂ /{l + Vl-4/3}/2, (2. lb) 

we have the functional equations 

1 = V(r) x V(TCO) x r ( r a 2 ) , (2.2a) 
0 = V{T) + (OV(TO}) + (O2V{TO)2), (2.2b) 

-3r = V(TCO)V(TO)2) + COV(T)V(TCO)+CO2V(T)V(T(O2) , (2.2c) 

and generating functions 

Their combinations yield the following generating functions on triplicated binomial coefficients. 

Proposition 2.2: With complex function V defined as in Lemma 2.1, we have generating function 
relations: 

V*"(T) + * * » ( « > ) + F 3 W ) = f ^ ( a
3

+ / ) ( 3 ^ , (2.4a) 

^ ( rH^^rf iO + ̂ n™ 2 ) = E iTfTlf'l+
+

a3^)(3r)1+3"' (24b) 

F3a(r) + ffl^Cm,) + O>2V*"(TCO2) = £ - J ^ + ' ^ p r ) * * . (2.4c) 

Theorem 23 (Triplicate convolution identities): Given two natural numbers m and n, define 

^ 2 ^ ^ ^ . l+2> m^n(mod3), 
0(m,n) = a)m+2"+co2m+" = \ ' ; ' ' (2.5) 

1-1, w#w(mod3). 
Then there holds a binomial identity 

3a f+a + k] a f f + a - * ] „ 6 a ) 
^> ^+a + k\m + 3k )^+a-k\n-3k ) v ' ' 

^ + 2a^ m+n J ^-a{m + n J v ' ' K J 

and its reversal 

~ ^ i + c + 2Jfĉ  m + 3k )%+c-2k{ n-3k ) v ' 

r>„ {2m+2n , o / N _ _ (im+ln r \ 

£ 4 >m;„ j + ^ i 'm+ny^- <*»> 2m+2n 
3 
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Proof: By means of Lemma 2.1, manipulate generating functions: 
V3a(r) x {V3a(r) + V3a(rco)+V3a(T6)2)} = V6a(r) + F~3a(ra) +F"3"(r<y2), 

V3a{r) x {V3a(r) + o) 2V3a(rco) + o)V3a(ro)2)} = V6a(r) + o)V-3a(ro)) + aP-V~3a {T(O2\ 

V3U(T) x {V3a(r) + 0)V3a(TQ)) + co2V3a(T(o2)} = V6a(r) + (o2V-3a{rco) + o)V-3a{ro)2). 

According to Proposition 2.2, the coefficients of rn+y, v = 0, 1, 2, in the formal power series 
expansions lead us, respectively, to the following binomial convolutions, 

3a (% + a + k\ a (%+a-k 
Y j + a + k\ v + 3k J^ + a-ky n-3k 

2a (^- + 2a\i -a (*?-d\*, , 
n+v 

3 

which gives rise to the first finite bilateral convolution formula stated in the theorem under param-
eter replacements k ->k + py v->m-3p, and n->n + 3p. Rewriting every binomial coefficient 
in the first binomial identity through 

we immediately obtain the second one in the theorem. D 

3. QUADRUPLICATE CONVOLUTIONS 

For /? = l /4 , the functional equation between two variables r and rj in (0.2) becomes 
quartic. The substitution of its solution r/(4f) -> W4(r) leads the generating functions stated in 
(0.2a)-(0.2b) to the following lemma. 
Lemma 3.1: For two indeterminates z and ^related by 

1 ^ „,_ T + WW- r 2 
4T = W3-^*>W=- " V " ^ ' / ' , (3.1a) 

where 
O(r) = yl<t>2(r) + <t>(T)y/(T) + y/2(T) (3. lb) 

and 
#f), W(T) = A/±T2 + Vr4 +1 /27 , (3.1c) 

we have the functional equations 
n ( r ) = f l ( - r ) = n(/z) = Q(-ir), (3.2a) 

W(f) x W(-T) x W(fT) x W(-ir) = 1, . (3-2b) 
#(T) x y/{r) = 1 and <*3(r)- ̂ 3(r) = 2r2, (3.2c) 

and generating functions 

t^M^y^'-^^ ("a) 
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f(a + k/4\ f_4W4+4°(t) (3.3b) 

Their combinations bring about the following generating functions. 

Proposition 3.2: With the complex function Was in Lemma 3.1, we have the following generat-
ing function relations: 

4c (c + k 
k=0 C + k ^ / W ) 4 * = W4C{T) + W4C(-T) 

+ W4c(iT) + W4c(-iT), 

4c l+C + k 1(4 )̂1+4* = W4c^ _ W4c(_r) 

IT 
k=0 2 

+ c + k 

-iW4c(iT)+iW4c(-ir), 

-W4c{H)-W4c(-iT), 

|(4r)3+4fc =W4C(T)-W4C(-T) 

+ iW4c(iT)-iW4c(-it). 

4c 
k=Ql+c + k{ 3+4k 

Theorem 33 (Quadruplicate convolution identities): For two integers m and w, let 

f+1, wn-w#0(mod-4), 
s(m, n) = • 

-1, m + n = 0(tnod4). 

Then, for m x n # 1 (mod 4), we have 

4c 
T f + c + i 

l + c -* 

+ 
-Ac 

f+c-k 
m + 4k ) % + c-k{^ n-4k 

-c 

k 4 

*-c + k 
+ ky m + 4k)^-c-k\n-4k 

4 \e(m,ri) 

2c (*f + 2c) + -2c (*T-2c\{m n) 
mfL + 2c\ m + n J mf--2c\ m+n J x ' '' 

Otherwise, for m x n = 1 (mod 4), there holds 

^ 4c 

k 4 

+ 1 

Jf + c-k 
+ c + k{ m + 4k Jf + c - J t l n-4k 

%+c-k^i , . 4 ts(m,n) 

-4c f-c-k 
k £f--c + k\2 + m + 4k)*^--c-k 

(f-c-k 

2c (*p- + 2c) , v , -2c ("p—lcS 
= — 4 \e(m,n)+— 4 

^ + 2c^ m + n J ^-Icy m+n ) 

(3.4a) 

(3.4b) 

(3.4c) 

(3.4d) 

(3.4e) 

(3.4f) 

(3-4g) 

(3.4h) 

(3.5) 

(3.6a) 

(3.6b) 

(3.6c) 

(3.7a) 

(3.7b) 

(3.7c) 
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Proof: For v = 0, 1, 2, 3, define the binomial convolutions 0v(w, c) by 

4c l-r + c + k) c o„(",<0 = S - * + c- jO (3.8) T ' f + c + £^ v + 4£ J f + c-A:^ w - 4 * J 

The proof of the theorem will be divided into four cases according to m (mod 4). 

Case 1: m = 0 (mod 4). By means of Lemma 3.1 and (3.4a)-(3.4b), we may manipulate 
generating functions: 

-W*c{r) + W4C(T) x {W4C(T) + W4C(~T) + W4c(ir) + W4c{-ir)} 
= W-^QrW^i-iT) + W-^i-rW^iir) + W-4c{~r)W-4c{-ir). 

The coefficients of r" in the formal power series expansions lead us to the following binomial 
convolutions, 

def A0(w,c) =00(TI,C) 

* 4 < 

2c + f 
2c [2c + f 

/ i t - c - c 
V * J ^ - c l w-* 

w-it 
A0(n, k), 

where A0(w, £) = (-l)n{ik +i3k +i2k+3n}, whose values are displayed in Table 1. 

TABLE 1. Values of A0(#t, k) 

\ \ n 

}/c\J 
1 ° 1 

2 

L 3 

0 

j 3 
1 ~1 

1 _ 1 
[ - 1 

1 

i-2 
—i 

2 + 2 
—i 

2 

1 
1 

- 3 
1 

3 

—2 — z I 
i \ 

2-i 
i | 

For n = 0 (mod 2), Table 1 suggests that we express (3.9b) as 

-(-iri 

-c-k 
4k 

Jc 4 

-c l^-c c l ^ - c 
_^_c^ w_£ J' 

which may be simplified, by means of (0. la), to the following relation: 

A0(n,c) =(-iy, / 200(/f,-c)-(-l)- / 2 -2c (*-2c 
2c I n 

= (-l)n/2A0(n,-cl /fs0(mod2). 
While n = 1 (mod 2), it is easy to check from Table 1 that 

*(/!-*) AQ(n,k) + A0(n,n-k) = -2(-l)— 

Then the combination of (3.12b) and its reversal enables us to write 

(3.9a) 

(3.9b) 

(3.10a) 

(3.10b) 
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k 4 

-c 
njL-c{ n-k 

QzL-.C \ k(n-k) 
4 c l (_ i ) - r -

= ! • 

-c 
it 4 

c -c "4 I 
jfc=0(mod4) 4 

-c l^-c -C 
n-k -C 

(n-k r \ 
4 C 

n-k 

Applying (0.1a) to the penultimate sum, we get 

Aofoc) =-%(p,~c) + T ^ [*n
2c (3.11a) 

= -A0(w, - c), 7i s 1 (mod 2). (3.11b) 

Both relaitions (3.10) and (3.11) may be stated as the single one A0(n, c) + A0(n, -c)s(0,n) = 0 
which, in view of (3.9a), confirms the case m = 0 (mod 4) of Theorem 3.3 with replacements 
k-^k+p and n->n + 4p. 

Case 2: m = 1 (mod 4). In view of Lemma 3.1 and (3.4c)-(3.4d), we have the generating 
function relation: 

-W*C(T) + W4C(T) x {W4C(T) - W4C(-T) - iW4c(n) + iW4c{-ir)} 
= -W-4\iT)W-4\-H) + iW-4\-T)W-4\ir)-iW 

The coefficients of rl+n in their formal power series expansions leads us to the following binomial 
convolutions, 

A ^ c ) *? <>!(», c ) - 2c + ±f 
2c + ̂ [ 1 + Ti 

= 1: -c 
-c i^-c 

k 4 *" V "" / 4 

\n(A+k . A+n+2k , ,-3+3£\ 

l+n-k 

* E E ^ 1 + V * P'<"-*> 

where ^(w, £) = (-1)"{/1+* +/1+"+^ + r*"*}, whose values are displayed in Table 2. 
TABLE 2. Values of X ,(«,*) 

(3.12a) 

(3.12b) 

\ n 
1 fcN 
Jin 1 

2 

J 3 

i ° 
' i 

| - 2 - 2 
i 

l_2-i 

1 

1 
1 
1 

- 3 

2 

—2 

2 - 2 
— 2 

2 + 2 

3 

- 1 1 
3 

- 1 
- 1 J 

For n s 1 (mod 2), Table 2 suggests that we rewrite (3.12b) as 

A1(»,C)=(-I)V5; 
* 4 

l t d , 

-c f* - -c 1+n-A: - C 

J±J=*-cll+/i-* 

-H)¥I -4c f3 

* f"C+* 
f-c + £ a * - c - * 
3 + 4£ J ^ - c - & ^ 7 i - 2 - 4 £ 

which may be simplified, by means of (0.1a), to the following relation: 
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A , ( » , , ) = ( - 1 ) * 1 ^ ( ' « ; ; „ 2 j (3.13a) 

- ( - l ) ^ 0 3 ( w - 2 , - c ) , ?i = l (mod2) (3.13b) 

= A1(/i,-c), w = 3(mod4), (3.13c) 
where the last line is derived by reversing the summation order. 

When n = 0 (mod 2), it is easy to check from Table 2 that 
(n-k)(k-1) 

Xx{n, k) + Xl{n,l + n-k) = - 2 ( - l ) — T ~ . 

Then the combination of (3.12b) and its reversal enables us to express 

%-c\ -c (^TF^-C], ,t<»-*x*-i) ^ - s ^ r ^ ^ H ) * 
i^M^&V* z ^-v^-r^-C k jaft_c^l + n_kj kslf^ ±-c{ k )^t-c\\ + n-k k 4 ^ V ^ / 4 U V I T " "J fcsl(mod4) 4 

Applying (0.la) to the penultimate sum, we get 

A^c) --0i(».^)-<-^^(t+»2C) ( 3Ha) 

= -Ax(n, -c), n = 0 (mod 2). (3.14b) 

Both relations (3.13) and (3.14) may be restated as 
At(n, c) + Ax(n, - c)e(l, n) = 0, n # 1 (mod 4) 
<>,(«, c) + 03(« - 2, - c): « = 1 (mod 4) 

2c f^- + 2c] -2c (&L-2C 
±f- + 2c\ l+n J ±f--2c\ l+/i 

which, in view of (3.12a), confirms the case m = \ (mod 4) of Theorem 3.3 with replacements 
k ->k+p and n->n + 4p. 

Case 3: m = 2 (mod 4). Using Lemma 3.1 and (3.4e)-(3.4f), perform the formal manipula-
tion on generating functions: 

-W*C(T) + W4C(T) x {W4C(T) + W4C(-T) - FF4c(/r) - W4c(-ir)} 
= r-4c(ir)^-4c(~iT) - f r 4 c ( - r ) r - 4 ' ( i r ) - r - 4 c ( - r ) r - 4 c ( - i r ) . 

The coefficients of r2*n in the formal power series expansions lead us to the following binomial 
convolutions, 

^0*0^0-^(^7). (3.15a) 

_ __-c (ir-c\ -c f2+Tk -c 
~ 2-dT 

k 4 
where 

= Tf^c[\Cj^^c{2ln-_kjUn,k), (3.15b) 

X2(n, k) = (-l)"{/2+* +i2+3k +i2+»+2k) 
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whose values are displayed in Table 3. 
For n = 0 (mod 2), Table 3 suggests that we reformulate (3.15b) as 

A2(n,c) = (-IT/2^ 
k 4 C 2±f*—c[2 + n-k 

- ( - D W / 2 E I -4c ±-c + k -c f - c -^ 
k \-c + h\ 2 + 4& J^-c-ky n-4k 

which may-be simplified, by means of (0.1a), to the following relation: 
_o„ ( %±n_ _ 9 A» 

A2(n, c) = -(-ir/202(», -c) + (-l)«/2 -^^[ \ + „ 

= -(-l)"l2A2(n, -c), w = 0 (mod 2). 

TABLE 3. Values of A2(«, &) 

\ n 

1 fe\J Fo~l 
1 

2 
[ 3 

0 

- 3 
1 
1 
1 

1 

z + 2 
—i 

i-2 
—i 

2 

- 1 
- 1 
3 

- 1 

3 

2-i 1 
i 1 

- 2 - 2 
i | 

(3.16a) 

(3.16b) 

While n=\ (mod 2), it is easy to check from Table 3 above that 

A2(n,k) + A2(n,2 + n-k) = 2(-l) 

Then the combination of (3.12b) and its reversal enables us to state 

kjn+k) 
2 

A2(^C) = S 
k 4 6 

- C - c 
2+n-k -C 

(2+n-k 

= Z 
it 4 C 

2+n-k 

^=^-c[2 + n-k 
4 

-4 I 
Ar=2(mod4) 4 C 

2+n-k — C 

2±^=k-c{2 + n-k 
4 x 

Applying (0. la) to the penultimate sum, we get 

A2(n,c) = -02(n,-c) + -2c (2+n 

lf-2c 
-2c (3.17a) 

(3.17b) 
2 + w 

= -A2(w, - c), w = 1 (mod 2). 

Both relations (3.16) and (3.17) may be written as the single relation 
A2(«, c) + A2(«, - c)*(2, n) = 0, 

which confirms, in view of (3.15a), the case m = 2 (mod 4) of Theorem 3.3 with replacements 
k-^>k+p and «-»w + 4/?. 

Case 4s w = 3 (mod 4). Finally, from Lemma 3.1 and (3.4g)-(3.4h), we get the following 
functional equation: 
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- f l ^ O + r ^ r ) x {W4C(T)~W4c(-T)+iW4c(ir)-iW4c(-iT)} 
= JT4c(/r)fr4c(-/r) - iW^i-^W-^iir)+iW^i-^W^i-iz). 

The coefficients of r3+" in their formal power series expansions leads us to the following binomial 
convolutions, 

1c (lc+ita 

A3(»,c)t f03(„) C). 2c + ̂ y 3+n 

=Z-
k 4 

-c i^-c 
-c{ k )2±f*-c{3+n-k 

3+n-k 
X3{n, k), 

where 
X3{n, k) = (-l)n{i3+k +iMk +i3+n+2k} 

whose values are displayed in Table 4. 

TABLE 4. Values of A3(n,k) 

\ n 

pn 
* ! 
2 

L3 

0 

—i 
.2 + 2 

—2 

[_i-2 

1 

- 1 
- 1 
- 1 
3 

2 

i 
2 - 2 

2 

- 2 - 2 

3 

1 1 
- 3 
1 
1 J 

For n = 1 (mod 2), Table 4 suggests that we rewrite (3.18b) as 

-c 
A3(«,c)-( 1)' Z i _ c + ^ [ 4

1 + 4 i t J*±tt_c_jfc^2'+/i-4* 
4 

-(-D^I-^ft-^ ' 1 
A: 4 * - C l * 

- C 3+n-k g\ 

^--c\}ln-kj 

which may be simplified, by means of (0.1a), to the following relation, 

+ (-l)^i01(2+/i,-c), / i s l (mod2) 

= {-lf^A3(n,-c), n=\ (mod4), 

where the last line is derived by reversing the summation order. 
While n = 0 (mod 2), it is easy to check from Table 4 that 

(n-kXk+l) 

X3(n, k)+A3(n,3+n-k) = -2(-l) 2 . 

Then, the combination of (3.18b) and its reversal leads us to 
A3(n>c) = H: 

'*_, -c 
\-c\ k )l±f*--c\} + n-k 

3+n-k _ c \ (n-kXk+\) 

(3.18a) 

(3.18b) 

(3.19a) 

(3.19b) 

(3.19c) 
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rt-< *) 
-c 

2±a=k.-.c 

'3+n-k c 

,2+n-k 
.4 V -c fe-c) -c (***-c\ 

A3(n,c) = -03(n,-c)+1^-\ 4 f | (3.20a) 

Applying (0. la) to the penultimate sum, we get 
-2c p^-2^ 

2f--2c{ 3+n 

= - A3(/i, - c), /i s 0 (mod 2). (3.20b) 
Both relations (3.19) and (3.20) may be reproduced as 

A3(w, c) + A3(/i, - c)s(3, w) = 0, w # 3 (mod 4), 

03(«, c) + 0t(2+w, - c): w = 3 (mod 4) 

2c p ^ + 2cA -2c f ^ - 2 ^ 
^ + 2c[ 3+w J ^ - 2 c [ 3 + w / 

which confirms, in view of (3.18a), the case m^3 (mod 4) of Theorem 3.3 with replacements 
k-^k + p and«->« + 4jP. 

Therefore, the proof of Theorem 3.3 is complete. • 

Remark: During the 100th anniversary of Tricomi (October 1997, Rome), Richard Askey sug-
gested that the author try another approach to the binomial identities stated in Theorem 1.3. This 
may be presented as follows: 

Letting /? = 1 / 2 in (0. lb), we obtain 

X __a_(a + kl2\(c-kI2\ (a + c\ n o i o \ 

By means of 
a (a + kl2\ , nk -a f-a + kI2\ 

a + k/2{ k ) V y -a + k/2{ k } 

we can reformulate (3.21a) as 

| < - 1 > ' ^ 7 2 ( a + * ' 2 ) ( C » - * 2 ) = ( C ^ ) - <321b> 

Then identities (1.5a) and (1.5b) follow directly from1/the combinations of (3.21a) and (3.21b). 
Two other identities, stated in (1.6a)-(1.6b) and (1.6c)-(1.6d), may be derived similarly from 
(0. la). The details are left to the reader. 
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