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1. INTRODUCTION

For any real or complex number S, we denote
p-1

1P, =11¢-ip),
j=0

where p is a positive integer, with (¢| ), = 1, and call it the generalized falling factorial with incre-
ment . In particular, we write (¢|1),, = (¥), and (¢|0), =¢7. It is known that the Dickson poly-
nomial in # of degree p with real parameter « is defined as

[p/2] i ] ]
D,.)= . —Lo( P oy (L.1)

i=0
with Dy(f, @) =2 (cf. [4]). Evidently D,(z,0)=17.
In this paper, we find closed summation formulas for the series

SO(n) = kf(k +A1B),* coskd,  SO(w) =3 (k+A|) r* cosk, 12)
r k=0

SO(n) = Z (k+A|B) r* sinkd, S (w0) = i (k+A|B) r* sin k6, (1.3)
k=0 k=0

SPO(n) = 'po(k, oy’ coskd,  SP(w) = kiDp(k, a)rk coskd, (1.4)
k=a =

SP(n) = nipo(k, ayrtsinkd,  SP(w)= i D, (k, a)r* sin k6, (1.5)
k=a k=a

where ais any given integer, A and # are real numbers, and || < 1 for SV)(w), i, j=1,2.
In[2], L. C. Hsu and P. J. S. Shiue have obtained closed summation formulas for the series

S =3k + A1), 2, §i()= 3 (k+418),x, (1.6)
k=0 k=0

S =3 Dk, @), S(0)= 3D,k @), 1.7)
k=a k=a

where ais any given integer, A and S are real or complex numbers, and |x| <1 for both §,()
and §,(0). The results of this paper are based on the conclusions above.
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2. MAIN RESULTS
We first define the rank as follows.

Definition 2.1: The number of the summation symbols ¥ appearing in the right-hand side of a
closed summation formula is called the rank of this summation formula.

Recall Howard's degenerate weighted Stirling numbers S(p, j, 1|f) (0<j<p) can be
defined by the basis transformation relation

t+218),= 3,113, 5, 219 ) @1
=0

Indeed, by applying the forward difference operator A defined by Af(x)= f(x+1)— f(x) and
N = AN (j 22), and using the Newton interpolation formula to the LHS of (2.1), we see that
the numbers. j!S(p, j, 4|F) in the RHS of (2.1) may be written as (cf. [2])

8@, A= K+ A1) ya = L] N+ 218),. @2)

m=0

Equation (2.2) shows the rank of S(p, j, 1|8) is 1.
On the other hand, a kind of generalized Stirling numbers, called Dickson Stirling numbers,
can be introduced by the relations (cf. [1], [2])

p
D,(t, )= Y. 8(p, jya)t-a); (P=12,..). @3)
Jj=0
Of course, these relations may be rewritten as follows:
p
D,(t+a,@)=Y 8. j,a)®), (P=1,2...). @4)
j=0

In fact, similar to the expression of S(p, j, 4|f), the Dickson-Stirling numbers have the finite dif-
ference expression

, 1,
S(pa J> a) = —}TAIDp(t’ a)|t=a

and its rank is 1.
In the following, we first list the main results of L. C. Hsu and P. J. S. Shiue (cf. [2]) which

are important to our conclusions. Denote

#(x,n, j) = I_Lx[(.l_ix)’ - xn+1§ (f; f})(ﬁ)] @5)

Lemma 2.1: For x #1, we have the summation formula

i@%lWLﬁ=iﬂﬂnﬁﬂm#&mﬁ, (2.6)
k=0 J=0
where ¢(x, n, j) is given by (2.5).

Lemma 2.2: For |x| <1, we have the summation formula
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S+ a18), 5k = 3 5@ L AB)T @7

fard P = (1 _ x) J41

Lemma 2.3: For any given integer «, we have the summation formula

nto

2. Dk, a)x* —x“ZJ'S(p,J, a)g(x,n, j), (2.8)

k=a

where the Dickson-Stirling numbers are defined by (2.3) and ¢(x, n, §) is given by (2.5).

Lemma 2.4: For |x| <1 and any given integer &, we have the formula

J'S(p, j, a)x’
ZD (k, a)x* = x“zw_ 2.9
j=0
The proofs of Lemmas 2.1 through 2.4 can be seen in [2].
In these lemmas, the constants A, § are real or complex numbers, « is an integer. From now
on, unless specified, we assume A, § are real parameters, o is an integer.
We first recall the famous Chebyshev polynomial 7 (x) defined as follows:
T (x) = cos(narccosx), x € [-1,1].

It is known that 7 (x) satisfies the recurrence relations 7 ,,(x) = 2xT (x)—7,_,(x) with T)(x)=1,
T(x) = x. For simplicity, denote

cost. = cosf—r
Y1472 —2rcos8’
sint, = sin (2.10)

J1+7% —2rcosd’

7= T( cosf—r )
e \/1+r —2r cosf

where 7j(x) is the Chebyshev polynomial of degree /.

Theorem 2.1: Assume 0<@<2x,r>0. Ifr#1or 8+0, 27, we have the summation formulas

Z(k-h’{l,@) r* coskf = Z]“S(p J, APV, 6,n, j), (2.1D)
k=0
Z(kw% B, sinkB =3 15(p, J, A, 6,1, ), 212)
J=0
where
#0,6,n, ) =r1| — TS, S0 S g
(1+r2-—2rcosé’) 7 (1+r —2rcosf) 7 1=0

i+l n+ 1 m) Lilcos(n+1)@—rcosnd] sin@sin(m+ 1)@~ rsinfsinnb =i
Z - 2 =2 2 Ea Z h ,
(1+7* —2rcosf) 2 (1+r°-2rcosf) 2 =0
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= 2.0

SO O =1 rsin 0T, _$in6(1-rcos0) ’2“”;,-_,_,
(1+r*-2rcosf)z (1412 -2rcos6)? i=

i i (’.’j 1 ) o Zn[sin(z +1)0-rsinnf]  singcos(n+1)0—rsinOcosnd "i‘]mm-l_z '
= \J (1+7r*-2rcosf) (1+7*-2rcosf) 2 =0

Equations (2.11) and (2.12) imply that the summation formulas of X}_o(k + 1|) ,7* cosk@ and
Zk=o(k + 4| B) ,7* sin k6 have the same rank 5.

Proof: In (2.6), set x =re'?, then

n p

> (k+Al),r* cosk =" jIS(p, j, AlB)Reg(re, m, j), @13)
k=0 j=0
n p
> (k+A|),rksink6=" jIS(p, j, A|p)Img((re’, n, j). (2.14)
k=0 j=0
We first obtain
x _ ré? _ r(cos@+isin@) _ r(cos@—r+isin6)

l1-x 1-re® 1-rcos@—irsin@  1+r*—2rcosd
7 B .
=r«/1+2r 2r cosf cosf@—r + isin @ ) (2.15)
1+72—2rcos@ \\1+72-2rcos@ ~1+r*—2rcosé

it
= L (cost, +isint)) = 2re 1
V1472 —2rcos@ Vi+72 -

2rcosf’

where cos #; and sin #, are defined in (2.10), and

1 1 _ 1 1-rcosé +i rsin @ )
1-x  1-ré®  J14r*—2rcos® \N1+r2—2rcos@  V1+r*—2rcosé

2.16
eit2 ( )
" 1+r2-2rcosf’
where
1-rcos@ . rsin @
cost, = , sint, = : 2.17)
2 \/1+r2-—2rc036 2 J1+72 —2rcosé
Therefore,
#(x,n, j) = $(re', m, j)
it JpJt i ) J mmt i
_ 2e 2 rle’ 1 . _rn+let(n+l)32(;?j"il) 2r e™ 1 _ 2.18)
1472 —2rcosé (1+7* - 2rcosf)? m=0 (1+7r* —2rcosf)?
7 e( Jh+)i il i: ( n+1 ) rme[mt1+t2+(n+l)0]i
= 7 . — -
A+r2-2r cos0)jT' w0 T (1412 —2r COSB)T'

Equation (2.18) implies that
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. J i J m
Re ¢(re’®, n, j) = r/ cos(jt, + t2),+1 _ Z ( n _-;- 1 ) r" cos[mt; +1, +(n -:_}1)0] , (2.19)
(1+r*-2rcosf) = meosd ") (1472 —2r cosf) 2

Img(re, n, j)= r/ sin(jt, +1,) R Z’: ( n+1 )r”’ sin[mt, +1, +(n+1)6] (2.20)
A+r2-2r cosﬁ)%l meoN T (1+r-2r cosc9)m211
By the definition of Chebyshev polynomial and (2.10), we know T, = cos(/f;). Set I; = sin jt;, then

I; =sin jt; =sin(j - Dt cost; +cos(j— ) sin gy
=1, costy+T_;sinty=(I;,costy+T,_,sint)cost; + T;_;sinfy
=(I;ycosty+T,_ysint))cos’ ; +T,_, sint, cost; + T,_ sint,

=1, 5008 t, +sint,(T;_ycos’ t, + T, , cost, + T_,) (2.21)

=I,cos’ ' t; +sinty(L cos’ 2 1, + Tycos' >t +--- + T_, costy + T;_,)
=sinfy(cos’™ t, + Tcos/ 2, + Ty cos/ >ty + -+ + T, costy + T,_,)

Jj-1
- j-1-1
= sin tlz ™.
1=0

From (2.21) and (2.17), it is easy to obtain that

Ul S
cos(jit, +1,) = cos jt, cost, —sin jt sint, = T, cost, —sinty sint, ) Tt/ ™"
=0 (2.22)

(1-rcosO)T; rsin2g L —
- 2 - 2_ Z -
V1472 -2rcos® 1+r*-2rcosf

Similarly,
sin( jit, +1,) = sin jt, cost, + cos jt, sint,
_ sin6(1—rcosb) ’i]ﬂ;j_l_l N r1;sin@ . (2.23)
1+7%=2rcos@ =0 \/1+r2—2r0059
Hence,

cos(jt, +t, + ab) = cos(jt, +1,)cosal—sin(jt, +1,)sin af
(1-rcosb)T; rsinfd o

- - LT/ |cosad
|:-\/]+r2-2rc050 1+r2—2rcoso9§ = ]COS(Z

. _ = T sin @
- I:MZ T o ]sin ab

1+r*-2rcosf &3 V1+72—2rcosd

_ T(cosa-rcosfcosald—rsin Osin ab)
V1+7r% =2rcosf
_ rsin® @cosal+ sin @sin af —r sin O cosIsin af ]Z_I pi
2 hy
147*—2rcosé s
_ Ti[cosaf—rcos(1-a)f] sin Gsin af+4sin Gsin(1 - )0 ’Z'l p-
V1+72 —2rcosf 1+7r% —2rcos@ por SR

(2.24)
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sin{ jt, + 1, + @) = sin( jt;, +1,) cosaf +cos(jt, +1,)sin af

. _ & T;sin@
{MZW—M i ]cosae

1+r% - 2rcosd & V1+12 = 2r cosf 2.25)
+ U-rcoshf __ rsin’0 ji L1777 |sinaf
J1+r2 —2rcosf 1+7%—2rcosf pars i
_ Tilsinaf +rsin(1-a)f]  sin @cosad—r sin dcos(l— a)d g i
J1+r2—2rc059 1+7*-2rcos@ pird ll '
In (2.24) and (2.25), set j =m and o =n+1 to obtain
coslmt, +1, +(n+1)f] = T [cos(n+1)0 —r cosn8]
V1+7% —2r cosf 2.26)
__sin @sin(n + 1)@ —r sin Gsin nHm'lTTm_l_l .
1+72 —2rcosf por A
sin[mt, + 4, +(n+1)0}= 7;,,[31;(;1 il)i— r sn;n 4
+r*—2rcos @27

. el m-1
L sin Hcos(n +21)6’ 7 sin Bcosnl Z T
1+7 - 2rcosé par

From (2.13), (2.14), (2.19), (2.20), (2.22), (2.23), (2.26), and (2.27), we obtain (2.11) and (2.12)
immediately.
In (2.11) and (2.12), set 7 — oo to obtain the following conclusion.

Theorem 2.2: Ifr<1and 0<8<2x, then

3k +41),7* cosk0= 3" J1S(p, 1, AW, 6, ) 2.28)
and - "~
3+ A1), sink6= 3 j15(, /. MDY 6.), 2.29)
where - ) "~ i
V06, y=rt| —ATD)  rind S g
| (1+7% - 2rcosf)?  (1+r*—2rcosf)? i=0
and

ri; sin & sin B(1—r cosd) j_lTTj_l_l
1i2'+ 9 J+3 1 :
| (1+72~2rcos@)?  (1+r*—2rcosf)? 1=

The rank of (2.28) and (2.29) is 3.

v, 6, ))=r/

Theorem 2.3: Assume r>0,0<8<2xr. Ifr=1o0r 60,27 for any given integer «r, we have
the summation formulas;
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nizD (k, a)r* cosk@ = Z]'S(p J, )¢P(a, 7, 0,n, j), (2.30)
j=0

nfD (k, a)r*sink@ = Z]'S(p, J, )¢P(a,r,8,n, j), .31

k=a Jj=0

where

¢ (a,r,0,n, j)=r" “’{T

cosaf~rcos(l1— a)H sin Bsma6‘+rsm¢95m(l a)BZTTJ_H
(1+72 —2rcos€) 5 (1477 —2rcosH) T

Jntla Z ( n+l ) cos(n +1+a)f—rcos(n+ )@
(+72-2rcosé)t

_ sin@sin(n+1+a)f—rsin 95m(n +a)0 % Z (N
A+rt-2r cosB) 3

. . i—1
sin @@ - rsin(1 - a)t9 L5 fcosald —rsinGcos(1 - a)f ’Z 7;];1_1_1]

¢(22)(a7 r) 9’ n, ]) = rj“-a T J*3
(1+7r*~2rcosd)’™ 3 (1+r*=2rcosf)™

n+l+a2(n+l) sm(n+1+a)9—r sin(n+ a)0
(1+7r%-2r cos@)ﬂ%l

sm Gcos(n+1+a)6—rsin 9003(71 +a)0 R Z s
1+r? —2rcos€) 7

Equations (2.30) and (2.31) imply that the summation formulas of X717 D, (%, a)r¥ coskf and
2iie D(k, a)r* sin kO have the same rank 5.

Proof: In (2.8), set x =re', then

nt+a
ZD (k, a)r* cosk@ = Z]'S(p Jj, @) Re[r%e®g(re’® n, j)), (2.32)
Jj=0
n+a
>.D,(k,a)* sink6 = Z]‘S(p Jj, @) Im[r®e*®g(re’® n, j]. (2.33)
k=a J=0
By (2.18), we have
x*g(x, n, j) =ree'*p(re’®)
pita g+ +ad)i Jritsa z ( n+l ) molmty+y +(n+1+a)6)i (2.34)
A+r*-2r cosAS’)jz m=0 A+r2-2r cos@)mzﬂ '

This implies
. . Jta ;
Re[raemz0¢(ren9’ n, )l= r/** cos(jt, + 1, + i?)
(1+r*-2rcosf) = (2.35)
,,+1+az(n+1)r cosfmt, +1, +(n+1+a)9]
A+r*-2r cosﬂ) 7

)
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P sin( jt, + 2, + aB)
(A+r*-2r cosé’)%“l

—r”*”"‘Z(”H)r sm[mt1+12+(n+1+a)9]
w0 T (1+72 —2r cos@)"?

By (2.32), (2.33), (2.35), (2.36), (2.24), and (2.25), we obtain (2.30) and (2.31).

In (2.30) and (2.31), set n— oo, then we easily obtain the following conclusion.

Im[r®e'“¢(re, n, j)]=

(2.36)

Theorem 2.4: Ifr <1, 0<8<2rx, then

ZD (k, c)r* cosk@ = Z]'S(p J,awPa,r,6,n j), (2.37)

j=0

ZD (k, c)r* sin kG = Z]'S(p, J, P (a,r,6,n, )), (2.38)

k=a J=0
where

wO(a, 7, 0,n, j) =1 Tcosoz@ reos{l- a)é’ sm@sma9+rsm65m(1 a)@ZTTJ it
1+ -~2rcos€) 2 (1+7* —2rcos€) 2 1=0

v@@,r,0n, j)=r"*| T sinaf—rsin(l- a)9+sm Gcosaf—rsin Hcos(l a)@ZTT,_I -
1+ ~2rcosH) z (1+7* -2rcos€) 7 =0

These imply that the rank of (2.37) and (2.38) is 3.
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