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In [3], W. Sierpinski proved that there are infinitely many odd integers k (Sierpinski numbers) 
such that k2n + 1 is a composite number for all n>0, i.e., he found that the recurrence un+2 = 
3i#w+1 - 2un9 n>0, has infinitely many initial values UQ = k +1 and ux = 2k +1 that give composite 
un for all n>0. Analogously, R. L. Graham [1] and D. Knuth [2] found composite integers FQ, 
Fl9 (F0, Fx) = 1 for the Fibonacci-like sequence {Fn}, n > 0, Fn+2 = Fn+X +Fn such that Fn are all 
composite numbers. 

In the construction of composite sequences, the authors [l]-[3] used the idea of a covering 
set, i.e., a set P = {pl9 p 2 , ...9ph}9 h > 1, of prime numbers such that, for each n > 0, there exists at 
least one p GP such that un = 0 mod p . 

In this note we give a class of integers a > 0, b, (a, b) = 1 and find integers uQ, ux, ( % ux) = 1 
such that the sequence {un}, n>0, un+2 = ^^n+i~^un w ^ initial values u0, ux contain only com-
posite members. For even n, un has an algebraic decomposition while, for odd n9 un has a cover-
ing set P = {p}. 

To prove the main theorem, we need the following three lemmas. 

Lemma 1: Let integers a, b be such that A = a2-4b*Q. Let integers v0, vx be initial values for 
the recurrence vn+2 = avn+l~bvn, n>0. Then for the sequence {uj, n>0, and u0 = v0w0, i^ = 
VJWJ, un+2

 = aun+i ~ bun, n > 0, we have 

%W
 = W > (!) 

where 
w0 = *(2v1-av0)/rf, ^ = ^ ( ^ - 2 ^ 0 ) / ^ (2) 

d - (2vx - av0, avx - 2bv0), k is an arbitrary integer and wn+2 = awn+x - bwn. 

Proof: Let w0, wx be arbitrary integers. We prove that, if u2n = vnwn9 then w0, wx satisfy (2). 
It is known that the sequence {xn}9 n > 0, satisfies the recurrence xn+2 = axnU-bxn if and only if 
xn = Aan+Bf5n for n > 0, where >4,1? are constants and a , /? are the distinct roots of the charac-
teristic polynomial z2 -az + h, since A = a2 - 4b & 0. So we have 

vn = Axan + Bxf3\ w^^a'+Brf", 

where a = (a + A)/2, fi = (a-A)/2, and 

Ax = (vx-/3v0)/(a-/3\ Bx = (av0-vx)/(a-j3), 
A2 = {wx-pwQ)l{a-p\ B2=(aw0-wx)/(a-J3). 

Furthermore, 

vwww = (^a"+Bxf3n){A2an + ̂ w ) = V 2 « 2 " + (A52 + A2Bx)anpn + B^2". 

So, if AXB2 + A2BX = Q, the sequence {%}, & > 0 , uk = AxA2ak + B^B^ satisfies t4k+2=auk+x-
buk and u2n = vwww. Consider 
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0 = AXB2 + A2BX = (yx - ftv0)(aw0 - wx) I (a - fi)2 + (avQ - vx)(wt - 0wo) /(a - 0f 
= [(a + ^)(v1w0+v0w1)-2a^v0w0»2v1w1]/(a-^)2. 

Since a+fi = a9afi = b9 we have a(vxwQ +vQwl)-2bv0wQ -2vxwx = 0, or . 
(avx - 2ftv0)w0 = (2vj - av0)if x. 

If J = (2vx -av09avx- 2ftv0) and £ Is an arbitrary integer, then we have (2). 

Lemma 2: Let a>\9m>\9 and b be integers such that a = 0 mod w and w0, t#r are initial values 
for the recurrence un+2 = aun+l ~bun, n > 0. If ut = 0 mod wi, then Ujn+l = 0 mod /w for n > 0. 

Proof: Consider the sequence {Un}9 where U0 = 09 t^ = 1, C/^ = aUnJtl-bUn9 n > 0. It is 
known that t/2w = 0 mod « for « > 1. Since i^^+1 = up2n+l ~ ̂ usP2n for w > 0, we have i#2W+1 = 0 
mod HI. 

Lemma 3: Let integers a > 0 and A be such that (a, b) = 1, A = a2 -46 > 0, and i#0? % be initial 
values for i#w+2 =ow;f+1-6i/n, w>0, such that t#0>0, (A3%) = 1, (%W!) = 1, and %>aw0/2. 
Then (i/w, ww+1) = 1 and un+l > aun 12 for n > 0. 

Proof: We prove this lemma by induction. We first prove that (ft, un) - 1 for w > 1. By the 
condition of the lemma, (ft, ut) = 1. Let (ft, î ) = 1 for 1 < i < w. For i = n +1, we have (ft, t/n+1) = 
(ft,aun - ftw^i) = (ft,aun) = (ft, wj = 1. Since (% %) = 1, let (ui, i/m) = 1 for 1 < / < n. For / = w +1, 
we have (wn+i,ww+2) = O w ^ n + i +*w

w) = (u
n+hun) = *• % * e statement of Lemma 3, ut > au0/2. 

Assume that i/}- > au^__x 12 is true for 1 < i < w. Then, for / — w +1, 

M +̂1 = oi^ - *!/„_! = aun/2-houn/2- bun_x 

> aun 12 +a(aurt_l 12)12 -bu„_x > au„ 12 + Aun_x /4 > aun_x 12. 

Thus, the lemma Is proved. 
We now proceed to prove the main theorem. 

Theorem: Let odd a > 2 and ft be integers such that (a, ft) = 1 and let A = a2 -4ft > 0. Let j? be 
an odd prime divisor of a such that the Legendre symbol (ft Ip) = 1 and let I > 0 be any solution of 
the congruence x2 = b mod p. Let v0 > 1, (a, v0) = 1, and vx = tvQ + kp for some positive k such 
that (a, vt) = (v0, Vj) = (ft, v j = 1, vx > ovQ 12. Let d = (2vx - av0, avj - 2ftv0). 

Then the sequence {uj with initial values % = (2v0vt -avfold, uf = (v2 -bvg) Id, and Mn+2 = 
aun+l -bun for n > 0 Is a sequence of composite numbers. 

Proof: By Lemma 1, %, = v ^ , w > 0. Here vra+2 = «FW+1 -ftv„, w > 0, for given initial values 
v0, Vj, and ww+2 = aww+1 ™ftww, w > 0, for initial values w0 = (2vx-av0)/d9 wx = (avl-2bv0)/d. 

We have % = v0wQ = (2v0vt -ov@)/d9 u2 = vxwx = (avf -2bvQvl) id. Hence, 

ux = (u2 + fti%) /a = (avf - abv®) lad = (v2 - bv® ) Id. 

Since I2 s ft mod p9 wl = tv0 + kp9 and (ft, d) = • 1, we have % = 0 mod p. By Lemma 2, i#2w+1 = 0 
mod/? for #i>0. 

Further, (w0, Wj) < (M0, OI^) = (f#0? u2 +buQ) = (% i^) = (v0w0, v ^ ) . Consider 

(v0, ^i) < (v0, dwx) = (v0, ov! - 2ftv0) = (v0, ov!) = 1. 
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Analogously, (w05 vx) < (dw0, vx) = (2^ - % v^ = 1. Since (v0, vx) = 1 and (w0? wx) = l, we obtain 
(ii0, iij) = 1, and by Lemma 3, (un9 un+l) = 1 for n > 0. 

Finally, consider 

By Lemma 3, un+l > aun 12 for n > 0. Thus, the theorem is proved, 

On the other hand, it is easy to prove that there are no primes p0, p1 such that pn = apn_x -
bp„^2, « > 0 , (a, J) = l, and a2 -4A > 0 are primes for all n>\. 

Indeed, if ft s 0 mod pl, then p2 = a^ - % = 0 mod ft. Let ft # 0 mod ft, then there is an 
#i < ft +1 such that Um s 0 mod ft, where £/0 = 0, ^ = 1, f/w+2 - aC/w+1 -ftC/w, « > 0. Since 
Pm+i = PiUmU~-bPoUm, we have j ^ + 1 s 0 mod ft. 

It is interesting to find a sequence of primes of maximal length for the Mersenne recurrence 
pn+2 = 3pn+l - 2pn for n > 0, where p0, ft > p0 are given primes. The numerical search for small 
Po* PI 8 i v e s t h e sequence of nine primes {41,71,131,251,491,971,1931,3851,7691}. The more 
exact estimate for length N primes in the Mersenne recurrence uses 

Pn = PoK+i " 1P-iK = P®Mn+l - (3/>0 - ft)Mw, (3) 

where. Af0 = 0, Mt = l, Mn+2 = 3Mn+l-2Mn9 «>0. p0,ft are given primes and 3/%-# *2\ 
t>0. Let m = mmq>2{o(q):q\Qp®-Pi)}, q is prime, and let v(q) be the minimal s such that 
m5 s 0 mod f. Then by (3), |?ms0 mod f and N < m-1. ^ is equal to the upper bound, e.g., 
for the sequence {3467,6947,13907,27827,55667,111347,222707,445427,890967}. Now, since 
pQ = 3467, ft = 6947, and 11(3454 = 3p0 - f t , we have at = L>(1 1) = 10 and N = 9. 
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