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1. INTRODUCTION

Let ay,...,a,_; (r22, a,_, #0) be fixed real numbers. An r-generalized Fibonacci sequence
V. }*=, is defined by the linear recurrence relation of order 7,
nSn=0 y

Via=aV,+aV, ++a,_}V, fornzr-1, 1)

¥ n— r=1" n~-r+l»

where V, ..., V,_; are specified by the initial conditions. In the sequel we refer to these sequences
as sequences (1) or (1). When a; (0<i <r—1) are nonnegative and gcd{i +1; a, > 0} =1, where
gcd means the greatest common divisor, it was established in [10] that the characteristic polyno-
mial P(X)=X"-ayX"'----—a,_,X —a,_, has a unique positive zero ¢ and |1|<g for any
other zero 4 of P(X). And in [2] and [8] it was shown, by two different methods, that the limit
of the ratio V,, /q" exists if and only if the Ostrowski condition ged(i +1; a; > 0} = 1 is satisfied.

The purpose of this paper is to study the extended Ostrowski condition by considering (C):
ged{i+1; g, # 0} =1 for sequences (1) in the case of real coefficients (Section 2). We apply
Horner's diagram to the convergence of sequences (1) (Section 3). An extension of (C) to the
case of real coefficients is studied in Section 4. Finally, some concluding remarks are given in
Section S.

2. CONDITION (C) FOR SEQUENCES (1)

The Horner diagram for a given polynomial P(X)=ayX" +---+a,_ X +a,, where a,, a,, ...,
a, are real numbers, is a process for computing the value of P(£) for every x =¢. Its main idea
consists of writing P(&) = (--((ayE+a)E+a)é+ - )é+a,. Therefore, we can consider the
finite sequence {8, }o<;<, defined as follows:

Bo=ay, B1=Pos, Br=a,+PBi&, ... B, =a,+B,5.
Hence, we derive that 8, = P(£) and P(X) = OQ(X)(X - &)+ P(&), where O(X) = S, X ey
ﬂn—2X+ﬂ -1
Suppose that sequence (1) converges. For lim,_, V, #0, we have a,+a,+---+a,_;=1.

Suppose also that
a,+a;+---+a,_; =1 2)
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Set b, = Z’Z, a;=p; and d =gecd{j+1; a; #0}. Then b, = B; for £=1 and condition (2) implies

that b, =1. Assume that the following condition is satisfied:

r=1

b, =0. 3)
Jj=0
By direct computation, we can verify that we have
V,+bl, \+-+b,_V, o =V,_;+bV, ,++b_J,. @)
Thus,
r-1 - V.
lim V, = ————_(1 J=k ak)
n—>+oo 7= +Da;

This expression was established in [2] and [8]. If (3) is not satisfied, the characteristic polynomial
takes the form P(X)=(X-1)(X"' +5X"2+.--+b,_;). Hence, 1=1 is of multiplicity >2.
Then {V,}}Z, does not converge for any choice of the initial conditions.

In the case of nomnegative coefficients satisfying (2), it was shown in [2] and [8] that
lim, ..V, exists for any choice of the initial conditions if and only if (C) is satisfied. Let us
establish that (C) is still necessary in the case of arbitrary real coefficients. In [9] it was estab-

lished that the combinatorial form of a sequence (1) is given by

V,=Aypn,r)+ A, p(n-1Lr)+-+A4,_p(n-r+1r) %)
for any n>r, where 4, =a,_V, +---+a,V,_, and
pnn= 3 Qe ©)
ko +2ky+ - +rk,_y=n—r r-1°
with p(r,r)=1 and p(n,r)=0, if n2r-1. For Vy=---=V,_,=0and V,_ =1, we have V, =
p(n+1,r) for n20. Inthe case of nonnegative coefficients, the sequence
)
q"" Jn=o’
where ¢ is the unique positive characteristic root, converges with
pnr)_ 1

™

lim =
n>+o g™ 14+bj++b))]

where b}, = X2} ‘;’“ (see [9]).
(The combinatorial form of sequence (1) has been studied by various methods and techniques;

see, e.g., [6], [7], [9], and [11].)
Suppose that a, ...,a,_, are real numbers and let a
cients (a; =a,_; orj;=r—1). Then (6) takes the form
(B +e+k) bk
,o(n, r)" Z Wi:afi] e a .

(o +D)le +(iy 1)k + -+ +(iy +1)k, =n—r ’

a;,4d;,...,a; be the nonvanishing coeffi-

Thus, we deduce that p(n,r) =0 for n<r or n# kd (k €N), where d = ged{j+1; a; #0}. For
d=gecd{j+1; a; #0} 22, it was shown in [8] that the sequence (1) has d subsequences of type
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(1) in the case of nonnegative coefficients. For a,,...,a,_, real, we can derive from (C) that the
sequence (1) also owns d subsequences {V/)} ., (0<j<d-1) of type (1) defined as follows:
VO =V, = Ap(nd, )+ Ay ,p(n-Dd, 1)+ + A4,_y, p((n+1)d~r,r) for 0< j<d-1. So,
if the sequence (1) converges for any choice of initial conditions, we have V, =V for any j,
which implies that d = ged{j +1, a, # 0} = 1.

Proposition 2.1: Let {V,},,, be a sequence (1), where a,, ..., a,_; are real numbers satisfying (2).

> %=1

If {¥/,},50 converges for any choice of the initial conditions, then condition (C) is satisfied.

The following example allows us to see that condition (C) is not sufficient for the conver-
gence of a sequence (1), in the case of arbitrary real coefficients, with (2).

Example 2.1: Let {V,},., be a sequence (1) whose characteristic polynomial is
P(X)=X}-aX*-aX-a,

with @y =2+v, gy =—(1+2v), and a,=v (v#0,-2). Thus, Z§=0 a; =1 and (C) is satisfied.
Because the multiplicity of the characteristic root 4 =1 is 2, the sequence {//,},,, does not con-

verge for any choice of initial conditions.

3. CONVERGENCE OF SEQUENCES (1)

Horner's diagram is used for practical computations of values of polynomials (see, e.g., [1]).
In this section we apply this method to the convergence of some sequences (1), where the role of
the initial conditions is considered.

Let {V/,(n)},50 be a sequence (1) whose initial conditions are 4=(a,,...,a,_;). Let 4,,...,
A, be its real characteristic roots with multiplicities m,, ..., m,, respectively. Because the coeffi-
cients and initial conditions are real numbers, we deduce that if A =1lim,_ V;:'(’:)l) exists, thenA

is a real characteristic root.

Proposition 3.1: Let {V/,(n)},,, be a sequence (1) whose coefficients and initial conditions are
real numbers. Suppose that

k
ZajslforOskSr—l. ¥
j=0

flim, . V—;‘,%:';)l—) exists and is positive, then {/,(n)},,, converges.

Proof: Condition (8) implies that ;=1 and b, = 1_21;;(1) a; 20. Hence, from the Horner
diagram we deduce that, for any real zero 4 of the characteristic P(X), we have A <1. Since

-1
V()= Z B, jnj/lnz >

s m
=1 j=0

¢3

- where [A;[2]4,|2---2|4;|>--- 2|4, | and f, ; are obtained from initial condition A (see [2]), it

follows that when lim,_, V,’}:E’:)l )= 1, exists and is positive, we have
. Vn+1) U =
O< lim 4——2=24,<1 and V,(n)= 1 A} with D
< n_lg_lw VA(n) i an A(n) ; ;ﬁl,l 1 W ;}ﬂx,j
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For 4, <1, we deduce that lim,_,, V,(m)=0. For A,=1, condition (8) implies that 1,=1is a
simple characteristic root. Also, [4;|<A,=1 for j>i. Therefore, Binet's formula implies that
{V (1)} ,50 converges. [

Remark 3.1: We can also use Descartes' rule of signs to derive the convergence of {//,(n)} 5.
More precisely, we have P(X)= gy X " + .- +5,_ X - 1)+ P(1), where by=1, b, =1- P a
>0, and P()=1- Z;;%, @; 20, by (9). From Descartes' rule, we have O(x) >0 for every x>0.
Thus, P(x)> 0 for every x>1. Hence, 4 <1 for every positive zero 1 of P(X).

Proposition 3.2: Let {V,(n)},5, be a sequence (1) whose coefficients and initial conditions are
real numbers. Suppose that

k r—2
ay2-1, Y (-, <lforl<k<r-2, Y (-1)*a, <l %)
J=0 j=0
If lim,_, MY—,‘}%};—)— exists and is negative, then {/,(n)}, converges. More precisely, we have

lim,_, .,V ,(m)=0.

Proof: We have Q(X) = (-1) P(-X); thus, 4 is a zero of P(X) if and only if -1 is a zero
of O(X). Set (X)) =By X+ +b,_)X -1 +0O(1); expression (9) implies that b, =1, b, =
1+ 0(-Va, 20 (k=1,..,r-2), and b,_, =1+ ¥ 3(-1)a, >0. We now have Q(1) # 0 and
Homer's diagram implies that 4 <1 for any real zero A of Q(X). Thus, for any real zero A of
P(X), we have also 4>-1. Since lim, V’,ﬂj'(’:)l) exists, it follows from Binet's formula that

(1)}, converges with lim,_ V() =0. O

Example 3.1: Let {V,(n)},5, be a sequence (1) defined by
9 18
= e — — - 3 >
Vin+1) 2OI/A(n)+20VA(n ) forn=1.

It is easy to see that gy = 2 and a; =13 satisfy condition (9). For 4= (1, -3}, we have

lim Var+D 3

dm ey 4

Thus, {V;(n)},s¢ converges with lim,_  V,(m)=0. For any A+#(la,—2%), where @ #0 is a

real number, we have
tim VA(Tl-}—D _ §

e S S

and {V/,(n)},5, diverges.

4, EXTENSION OF (C) AND CONVERGENCE OF (1)

Let {V,},20 be a sequence (1), where a,,...,a,_, are real numbers satisfying (2). Then
P(X)=(X-DO(X), where O(X)=by X" +b X" >+ +b,_ with b, = ¥"7, a,, where by =1.
Suppose that b; #0 (1< j<r-1) and set
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|

Let R(X)=X"1-X"2-...— X —1and let § >0 be its unique positive zero. Then 7 >0 is
also a solution of the equation X" —~2X"'+1=0. A straightforward computation allows us to
derive that

b,

by

by,

r

br—l

5 eeey

H=HQ)= max{

b _
=t

r

Lemma 4.1: Let §>0 be the unique positive zero of R(X)=X""1-X"2—...— X -1 and
M > 0. Then the following two conditions are equivalent:

Mg <1; (10)

M<1 and M"-2M+1>0. 1

Proof: 1t is clear that § >1. Suppose that Mg <1. Then we have 0<M <1/ <1. Since
g(x)=x"—2x"""+1is a nondecreasing function on [§, + ), we have g(§) = 0<g(1/M). Thus,
we have M"-2M +1>0. Conversely, suppose that 0 <M <1 and M"-2M +1>0. Then
O<(M™-2M+1)/M" =g(1/M) and 1/M >1. Since g(x)<0 for 1<x<g, we must have
1/M>¢q,ie, Mg <1. O

Lemma 4.2: Let Q(X)=byX"'+b,X"*+...+b,_,. Assume that b, =1 and b;#0 for1<j<
r—1. Then the zeros of J(X) have modulus bounded by Hg .

Proof: For every real number X, we have

10X 2| X! = by X2 =+~ |b,]
r-1 bl -2 b2 bl -3 b—l bl
= N yr2 |22 -3 | 2L
X115, b, by b2 by

> | X[ -HX -H* X3~ - H!
If X =zHq, where |z| > 1, then
10X 2 |2/ H™'g™™ - Hlz[ 2 B2 — . - B = H'R(|z]§) > 0. O
Suppose that Q(1) #0. Let X =aY (o >0) and let

-1, Oy e by r- br—
O,N=y"+Ay 24+ 2y 4... 4L

a a a

If y, is a zero of Q,(X), then x,=ay, is a zero of Q(X) and H, =H(Q,)=%. Leta>0 be
such that H, <1 and H, ~2H,+1>0. Then Lemma 4.2 implies that the zeros of O, (¥) are of
modulus < 1 and those of O(X) are of modulus < . Let

a,=inf{a >0, H, <land H, -2H, +1>0}.

Elementary computation using the function f(x)=x"-2x+1 allows us to deduce that o, = xﬂo,
where x, #1 is the other positive zero of the equation x" —2x+1=0. Thus, we can formulate
the following result.
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Proposition 4.1: Let Q(X)=X""'+b, X" +...+b,_, satisfy Q(1) #0. Assume that the b;'s are
not zero. Then, for any A of Q(X), we have |1]|> f—o, where x, #1 is the positive zero of
¥ -2x+1=0

The connection between (C) and (10) may be expressed as follows.
Corollary 4.1: Let § be the unique positive zero of R(X)=X""1-X"2—-...— X —1. Assume
that the b;'s are not zero and that
Then, for M = H, condition (10) implies condition (C).

Proof: Suppose that condition (10) is satisfied. Then Lemma 4.1 implies that # <1. If
a, =0, we can deduce that b, =5, =1 and thus H > 1, which gives a contradiction. O

b

r=1

br—-2

g eeey

H=mu@mL

b
bl

For the convergence of sequences (1) in the case of arbitrary real coefficients, condition (10)
for M = H may replace (C) considered in the case of nonnegative coefficients. More precisely,
we have the following result.

Proposition 4.2: Let {V,},., be a sequence (1), where a,, ..., a,_; are real numbers satisfying (2).
Assume that Horner's b;'s are not zero and that

Then, if (10) is satisfied for M = H, the sequence {V,},, converges for any choice of initial
conditions.

Proof: Set C=V,_+bV, ,++-+b,_V, and L= TCH’,—T Consider the sequence {W,},0
defined by W, =V, - L. From (4), we deduce that W, =-bW,_+---—b,_W, .., for n>r-1.
Thus, {W,},, is also a sequence (1) of order 7 —1 whose combinatorial expression defined by (5)
and (6) is

W,=Bpmr-)+Bpm-Lr-)+--+B,_pmn-r+2,r-1) fornzr-1,
where B, =-b,_W,—--~b,W,_, (m=1,...,r—1) and

Z (k1+'"+kr—1)!
k!

b,
bl

br—l

br—2

PREEE)

H=mu@mL

b ke
q'...crq

r—1 >

pnr-1=

42k + - +(r=Dk,_j=n-r+1

where ¢; =-b;, p'(k,k)=1, and p'(n,k)=0 if n>k—1. Therefore, {¥,},, converges for any

choice of initial conditions if and only if lim, ,, W, =0 if and only if lim,  o'(n,r—1)=0.
Suppose b; #0 (1< j<r-1). Then

AT ke

b
By B,y o= By 22

1

Thus, we have
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(CERRET ]

’ -1 an—r+1
P/, r =D ko k!

ky 2k + - +(r=1k,_j=n-r+1

(12)

From expression (7) we derive that the right-hand side of (12) is asymptotically equivalent to the
expression
( Hq)n—r+1
g'+2g% + -+ (-7

(see Theorem 3.2 of [9]). The conclusion follows from (10). O

Condition (10) is not necessary for the convergence of a sequence (1), as is shown in the
following example.

Example 4.1: Let {V,},,, be a sequence (1), where r =3 and a, =1- 4, a, = u—«a, a, = a with
u#0and @#0. Then ay+a,+a,=1, b= p, and b, = a. For example, if =3 and a =3,
we deduce that A,=1, 4,=2%, and 1, =1 are simple zeros of P(X). Thus, the sequence {V,},s,

1445
2

Hg > 1. Other values of 4 and o may give the same conclusion.

converges. Meanwhile, in this case we have H = —g—, and § = is the solution of x? = x+1, so

5. CONCLUDING REMARKS
Let us consider the following classical lemma (see, e.g., [5] and [10]).

Lemma 5.1: Let R(X)=byX +bX*'+...+b, (b,#0) be a polynomial of real coefficients.
Assume that the b;'s are not zero. Set

s | b. =11 ph.
MI(R) = maX{l, Z -+ }’ M2(R) = —lil_ >
=11 b ~ 1 b,
J J J
(v 5 b
M,(R) = maxq [-—L-| ; 1<j<sp, My(R)=max{ ||, 2|—|; 1<j<s-1;
b, b, , b,

Thus, || < M;(R) (j =1,2,3,4) for any zero 4 of R(X).

Condition (2) implies that P(X)= (X -1)Q(X), where Q(X)=b, X" +b X 2+ .- +b,,
with b, =37, a; and b, =1. Thus, if a, =0, we have ;= b,, which implies that M,(Q) > 1 for
J=2,3,4. In particular, if M (Q) <1 (j =2,3,4), we deduce that a, # 0, and (C) is satisfied.
Proposition 5.1: Let {V,},, be a sequence (1) whose coefficients are real numbers satisfying (2).
Let Q(X)=byX"'+b, X" +..-+b,_;, where b, =37, a,. Assume that the b,'s are not zero.
Then, if M;(Q) <1 for some j=2,3,4, the sequence {V,},,, converges for any choice of initial
conditions.

The convergence of a sequence (1) has been studied in [3] and [4] for » =2,3. Proposition
5.1 extends Theorem 2 of [3] and Theorem 1 of [4] to r > 2.
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Remark 5.1: Let {V,},., be a sequence (1) and set
M =max{|p,["/; j=1,.,r-1}.

Assume that the bj's are not zero. Then all results of Section 4 are still valid if we substitute A/

for

; 1£j$s—1}‘

b
bl

br—l
br—Z

300y

H= max{ 1By,
Also note that H < M,(Q), where

M(Q)= maX{

S

bs—l

)2

b
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