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1. INTRODUCTION 

The second-order linear recurrence sequence U = {Un}, w = 0,1,2,..., is defined by integers 
a, h, t/0, Ux and by the recursion Un+2 = bU„+l +aUn for n > 0. We suppose that ab * 0 and not 
both U0 and Ux are zero. If a and (3 denote the roots of the characteristic polynomial x2 -hx-a 
of the sequence U, then we have the Binet formula (see [1]): 

f ^Aan-Bpn 

a-fi ' 
where A = Ul-UQft and B = Ul-U0a. The generating function is 

^Q " l-hx-ax2 

If U0 = 0, U1 = 1, then the sequence 3* = {£/„} is called the generalized Fibonacci sequence, 
and % = ^f. 

In order to express our results, we denote by crUj(n, k) (i,y, and k are nonnegative integers) 
the summation of all products of choosing j elements from n + 2k-l9 n + 2k-2, ..., n + 2k-i + \ 
but not containing any two consecutive elements. We note that crUJ{n9 k) = 0 if j < 0 or j > [£), 
af 0(n,k) = l (/>0), att(n,k) = j(i-l)(2n + 4k-i) (/>1). For example, when J = 6, we have 

a6A(n,k) = (n + 2k-l) + (n + 2k-2) + (n + 2k-3) + (n + 2k-4) + (n + 2k-S), 
a6a(n,k) = (n + 2k-l)(n + 2k-3) + (n + 2k-l)(n + 2k-4) + 

+ (n + 2k-2)(n + 2k-4) + (n + 2k-2)(n + 2k-5) + (n + 2k--3)(n + 2k-5X 
a6 3(n, k) = (n + 2k - l)(w + 2k - 3)(w + 2k - 5). 

It is easy to prove that 
(n + 2k - l)a2k_2f k_x(n, k -1) = a2k$ k («, *) (* > 1) 

and 
(n + 2k-l)akH_2ii_l(n,k-l) + a k ^ (l<i<k,k>2). 

Recently, W. Zhang [2] obtained the following result: Let 17 = (UJ be defined as above. If 
U0 = 0, then for any positive integer k > 2, we have 
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uk~l 

X UaUai ...Uat = * w[gk-x(n)Un_k+l +hk_l(n)U„_k], 

where the summation Is taken over all w-tuples with positive integer coordinates (aha2,...,ak) 
such that ^ + o 2 + '*-+aik=w, and he pointed out that gk_i(x) and hk_x{x) are two effectively 
computable polynomials of degree k-l, their coefficients depending only on a, b, and k. 

In this paper, we obtain 

&-i(") = Z C 2 ^ ' ^ " 1 " 1 ^ ™ *'+ l>*w-i*w-i> -k + \k- \Wk_t (k > 1) 

and 

i=0 

where (ri)k = n(n +1) • • • (n + k -1) with </i)0 = 1. We also give the congruence relation 

gW)UM+hU»)U^k = 0 (mod(^-l)!(Z»2+4a)t-1) (k>l), 

which generalizes the results presented in [2]. 

28 THE RESULTS AND THEIR PROOFS 

In this section, with U0 = 0, let 

°MT^?J-IU^'-«=o 
Then 

Z Tj(h)rT(h) . . . rrf**) - rr(*i+*2+-+*«) uax
 ua2

 uam ~~ u n-m+l 
al+a2+-+am=n 

Taking kl = k2 = -- = km = l,wQ have 

Lemma 1: ^ ^ A • • • ̂  = U^m+l. 
al+a2+-+am=n 

Theorem 1: U(
n
k+l) = f1 {nbU<& + 2a(n + 2k- l)U™} (k>l). 

Proof: 
-~-(Gk(x)(b + 2axf) = G^(x)(b + 2axf + Gk(x)k(b + 2axf~l2a 

and 

dx\ k\ A > J dx\\-bx-ax2) 

_ fU^h + 2wcyf~l 2a(l-bx-ax2) + (b + 2ax)2 

-*U\l-bx-ax?) (l-bx-ax2)2 
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= k(b + to^f-Lf' 2a2x2
+2abx+b2

+2a 
\l-bx-ax1) (l-bx-ax1)1 

v ; \\-bx-ax2) (\-bx-ax2)2 

Hence, 
G'k(x)(b + laxf + Gk(x)k(b + 2ax)k-l2a 

= k{b + 2axfM U* Y-Ml-bx-ax2)+tf+4a 
v ' \\-bx-ax2) (l-bx-ax2)2 

Therefore, 
G'k(x)U{(b + 2ax) + 2aWlGk(x) = -2aWlGk(x) + (b2 + 4a)kGM(x). 

This concludes the proof of Theorem 1. D 

Theorem!: U?+l> = ^ [ ^ fWbk-'(n)t_,er,+,,.(*)t/„+,_,. (k>0). 

Proof: This theorem can be proved by induction. When k = 0? the theorem is trivial. When 
k = 1, the theorem is true by applying Theorem 1. Assume the theorem is true for a positive 
integer k-l9 then 

^ + 1 ) = ^(/+4a){"W"')l + 2a (" + 2 ^ " 1 ) ^ ) } 

k(b2 + 4a) I (*-l)!(62 +40)*-' ~ 

+ 2a(» + 2*-1) ^ _ m f f i ^ - i lW**"Mfr>*w-i<Wufo *"W„+*-,-i} 

: ̂ , ( / f 4 a ) . { l ( 2 ^ " " < " + 1>*-,-I^H,-I,,(» + U " I t f U w 

+ U(2a)'+1^-i-1<»>,_,._1(» + 2k - \)akM_u(n, k - \)U„+k_t\ 
i=0 J 

: ^ ^ ^ I I ^ M - ' H , ^ , . ^ + \ , k - i)un+k_t 

+ £ (2a)1 bk-<»>*_,(« + 2k- \)vk+iW(n, * - 1)CW,1 
;=0 J 

: ^ , ( / f 4 a ) J M < " > ^ ^ . o ( " H * - W„+* + Z(2a)'M-'<«),_,.f/„+,_,[c7,+,_1,,.(», * -1) 

+ (n + 2k - l)crk+t_2t,_,(«, * - ! ) ] + (2af (n+2k- \)a2k_x k_x(n, k-\)Un\ 
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That Is, the theorem Is also true for k. This proves the Theorem 2. D 

Lemma 2: U^^^^+a^U^ (k>0,m>l). 

Proof: Use Binet's formula. D 

Theorem 3: Uf+^ = ̂ [ ^ Z W^~'<">*-;<W*> * X ^ + i U„ +a®k_i U^) (k>0). 

Proof: Use Theorem 2 and Lemma 2. • 

Theorem* £ UaUai...Uak 

m k-l 

(b2+Aaf-\k-l)\ 
k-i 

Z 
i=0 

Sc^yft^-^-^+Dw^w-u^-^+i,*-!)^ u. n-k+l 

-ha 
k-\ 
X (2a)'M-'-1<» - A + l>tw_,fft+,_u(» -k + \k- \)9k_t_x 
/=0 

£/„_, (A>1). 

Proof: Noting Lemma 1 and Theorem 3, we have 

X uaua2...uat=uj,k_\+l 
a, +a7 A— +ak =n 

^ ! -^(laytf-'-Kn -k + \\.Mak_Mtt{n -k + \,k-\) 
(k-\)\{b2+4af-l£0 

x (%-tU„-k+i +a%_t_lU„_k) 

Ui k-l k-l 

z 
/=o 

± (2aybk-'-\n -k + 1 ) ^ , ^ .(n-k + l,k-1)^_, 
(62+4a)fc-1(yfc-l)! 

U(2a)'M-'-1<» - * + \)M<rk„_u{n -k + l,k-1)9^ 

U. n-k+l| 

+ a 
i=0 

t/^ . • Jn-k 

From this theorem, we can get the expression of gk_x(n) and hk_l(n)9 namely, 
jt-i 

&-i(«) = Z (2aybk-'-l<n -k + D t ^ a ^ u C i i - * +1, * - 1 ) ^ _ , (* > 1) 
1=0 

and 
jfe—I 

i=0 
\ - i (» ) = a Z (2a ) ' ^ - ' -> - * + l U ^ . ^ / . - A + l,k - 1)®M (k > 1). 

Theorem 5: gk.y{n)Ult.M + /?t_i(«)t/„_t = 0 (mod (k -1)! (A2 + 4a)*"1) (Jfc > 1). 
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This result is a generalization of Corollary 2 of [2], When Ul=a = b = l and k = 1,2? 3, 
respectively, this result becomes (i)-(iii) of Corollary 2 of [2]. 
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THE PASSING OF THREE FIBONACCI ASSOCIATION FRIENDS 
We were all deeply saddened to leam of the recent deaths of Joe Arkie, Daniel Fielder 

and Peter Kiss. These three long-time members of the Fibonacci Association will be 
greatly missed. 
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