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1. INTRODUCTION 

In the notation of Horadam [2], let Wn — Wn(a,&;p, g), where 

Wn=pWn-1-qWn„2 (n>2) (1) 

W0 = a, Wt=b. 
If a and /3, assumed distinct, are the roots of 

\2-p\ + q = Q, 

we have the Binet form 

71 ~ a-/3 ' i j 

in which A — b — a^ and B = b — aa. 
The nth terms of the well-known Fibonacci and Lucas numbers can be denoted by Fn = 

Wn(0,1; 1, —1) and Ln = Wn(2,1; 1, — 1), respectively. 
We also denote 

Un = Wn(0,l;p,q) = ^ — | ^ , Vn = Wn(2,p;p,q) = a" + /T. (3) 
a — p 

By simple computing, we have 

^ 1 - Vmx + qmx2 

Let W = {Wn} be defined as above, with Wo = 0. For any positive integer k > 2, W. 
Zhang [3] obtained the following summation: 

bk~1 

X ] W*i Wa2... Wak = y-2 , xfc_u. rr:[9k-i(n)Wn-k+i + ftfc_i(n)Wn_fc], 
01+02+...+0fc=n yp n) \K !)• 
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where the summation is taken over all n-tuples with positive integer coordinates («i, 02? • • •, Q>k) 
such that ai+a2-\ ha& = n. Moreover, gk-i(x) and hk-i(x) are two effectively computable 
polynomials of degree k — 1 with coefficients only depending on p, q and k. 

Recently, Z. Zhang and X. Wang [4] gave explicit expressions for gk^1(x) and hk-i(x). 
P. He and Z. Zhang [1] discussed generalized Lucas numbers* The purpose of this paper is to 
generalize the above results, i.e., to evaluate the following summation: 

2. T H E C O N V O L U T E D F O R M U L A O F G E N E R A L I Z E D 
F I B O N A C C I N U M B E R S 

Throughout this section, with Wo = 0, if we let 

then we have 

l-Vmx + <Tx2, n=0 

J2 WmaiWma2...Wmak=W^n_k+1). (6) 
ai+a2+'"+aie=n 

T h e o r e m 2 .1 : 

w™x) = fc(va-V) {HVMW^ ~2qm(n+2k~1)w™} • (7) 

Proof: Noting that 

Jx(Gk{x){Vm - 2qmx)k) = G'k(x)(Vm - 2qmx)k + Gk(x)k(Vm - 2qmx)k-\-2qm) 

and 

±(G>(z)(V -2a™x)k)-±(bUm{Vm-2qmX\ dx(Gk{x)(Vm 2q *))-dx{1_VmX + fnx2) 

fc-i 2qm(l - Vmx + qmx2) + V£- 4g" - u fbUm(Vm-2qmx)y-\TT 

~K\l-Vmx + qmx2 J m (l-Vmx + qmx*)2 
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we have 

G'k(x)bUm(Vm - 2qmx) - 2bkUmqmGk(x) = 2bkUmqmGk(x) + fc(V£ - 4qm)Gk+1(x). 

Comparing the coemcients of both sides of the equation, our theorem holds. 
We denote by 0^(71, k) the summation of all products of choosing % elements from n + k 

i + 1, n-\- k — i + 2, . . . , ra + 2fc — 1 but not containing any two consecutive elements, i.e., 

^i(n,k) = Y^Y[(ji + k-i + jt) (8) 
t= i 

where the summation is taken over all i-tuples with positive integer coordinates (ji,J2, • • • ,ji) 
such that 1 < ji < j*2 < * • • < ji < k + i — 1 and \jr — j s \ > 2 for 1 < r ^ s < i. 

We note that oo(n, k) = 1. It is easy to prove that 

(n + 2k - l)(7jb-i(n, fc - 1) = o"jb(n, fc), (9) 

and 
(n + 2fe - l)cri_i(n, fc - 1) + (Ti(n + 1, k - 1) = ^ ( n , fc), (10) 

which yields 
T h e o r e m 2.2: 

\fc fc 

where (n)*, = n(n + l)(ra + 2 ) . . . (n + k - 1). 
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Proof: We prove the theorem by induction on k. When k = 0,1, the theorem is true by 
applying Theorem 2.1. Assume the theorem is true for a positive integer k — 1. Then 

w™+1) = fcflj-V) H™<U -2qm{n+2k~1)w^ 

f=0 

J f e - 1 

din + 1, k - l)Wm(B+fc_fl + (-2,™)(n - 1 + 2*) (fe _ i)!(V^ - 4g^)*-^ X 

k-1 

J^i-^yV^'Hnh-i-iMnik- lJW^+jw-u} 
f = 0 

{Wm) {V£n{n + l)*_i<70(n + 1, * - 1)Wm(fl+ib) ( * ! ( V ^ - 4 ^ ) * 

& - i 

+ S ( - 2 g m ) ^ " ^ < ^ + !>*-•<*(* + 1, k - lJW^n+jb-o 

+ I ] ( - 2 ^ m ) ' F m ~ i ( ^ + 2ft - i)(n)k.m^(n,k - l)Wm{n+k-i)} 
* = i 

(6»m)* {j£(„>fc(ro(n,*)Wm(B+fc) 
~ ifc!(F^-4gTO)fc 

+ E(-2g'n) i^- i (rx>f c_ iWm ( n + f c_ i ) [a(n + 1, * - 1) + (n + 2* - l ^ - ^ n , ft - 1)] 

+(-2qm)k(n + 2k- l)ak-i{n, k - l)Wmn} 

fc-i 

i = l 
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(Apply (9), (10)) 

(bUm) k 
(n+fc) k\(V£-4qm)k' 

+ Y,(-2qm)iVti(n)k-Mn,k)WMn+k_i) + {-2qm)kcrk(n,k)Wmn} 
fc-1 

1 = 1 

^^^^{-2^)iV*ri{n)k-^i{n,k)Wmln+k^. 
i=0 

Hence the theorem is also true for k. This completes the proof. 
Theorem 2.3: 

/ j V*mai Wma2 . . . Wmak 

o-i 4-Q-2 H hafc=n 

= ( f c - l ) | ^ ^ 

Proof: Use (6) and Theorem 2.2. 
Lemma 2.4: 

UmWm(k+n) = UmnWm{k+1) - qmUm{jh„i)Wmk. (13) 

Proof: Use (2), (3). 
Let 

fc-i 

»i-i(») = E(-29m) i F -~1 _ f ( n - k + Vk-i-Mn -k + l,k- 1)^^) (14) 
i=0 

and 

fc-i 

*=0 

Then we have the following theorem. 
Theorem 2.5: 

/ _j ^ma\ Wma2 . . . Wmak 

»i +a2+"-+afc=n 
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= ( f c -1 ) | (V%-V. )*- i { S H ( * ( ^ I ) + h£\(n)Wn{n_k)} . (16) 

Proof: Use Theorem 2.3 and Lemma 2.4. 
Corollary 2,6: 

/ j *^ma Wmb 
a-$-b=n 

= V2 -4tT^n ~ ^VmU2m ~ ^ " ^ l ^ l " - ! ) - 9m(n - l)VmUmWm(n_2)}, 

] T WmaWmbW„ 
a+b+c=n 

b Um {(» - 2)(n - l)V^U3m - 2qm(n - 2)(2n + l)Fm[/2TO + Aq2m{n - 1) 
2{Vg-Aq™)2 

(n + l)C/ro]Wm(„_2) - gm[(n - 2)(n - l ) ^ ? 7 2 m - 2qm(n - 2)(2n + l)Fmt/m]WTO(„_3)} . 

Proof: Take ft = 2,3 in Theorem 2.5. 
Prom (16), we have 

Corollary 2.7: 

ft*-1^-2 { f i W ^ l n - H D + * K ( * M ) } = 0 ( niod (* - l)!(l£ - V*)*"1) . 

(17) 

3. THE CONVOLUTED FORMULA OF GENERALIZED 
LUCAS NUMBERS 

Let A = 2Um+i — pUm. Taking a = 2, 6 = p and using (4) we have 

E \r w — 2 — Ax 

1 - Fmx + gmx2 

71=0 

Let 

W-pV'-iiJ^rJ-
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Obviously, Vmn = Vmn. From these, we have 

/ _j Vmai Vma2 - • • Vmak = 

Theorem 3-1: 

fc(AFm - 4qm)V£+» = 4(n + 2 )F« n + 2 ) - 2(2n + * + 2 ) A ^ n + 1 ) + (n + fc)AV«. (19) 

Proof: Noting that 

dx 
t„ ( ,_± ( 2 -Ax 
( k{X)~ dx \l-Vmx + ^afl 

* - 1 - A + 2Vm - 4qmx + qmAx2 

= k-

=k( 2~Ax V A 

V1 - V^x + gmx2 / (1 - V^x + qmx2)2 

= k ( 2~Ax V" 1 A [ 1 - ^ x + grox2] + [AFm - 4<f" 
V1 - Vmx + qmx2 ) (1 - V^x + qmx2)2 

A / 2 - A x \fc AVm-4gm f 2 - A x \ f c + 1 

V l - l ^ x + ^ x V ( 2 - A x ) 2 X V ( l - F r o x + gTOx2),/ ' 2 - Ax \ 1 - Vmx + gmx2 

we have 

\2 d 

(2 - Ax)2—Hk{x) = k[AVm - 4qm}xHk+l(x) + kA(2 - Ax)Hk(x). 

This implies 

k[AVm - 4qm}xHk+1(x) = (4 - 4Ax + A2x2)^-Hk{x) - kA{2 - Ax)#fc(x). 

Comparing the coefficients of both sides in the above equation, the theorem holds. 
Theorem 3.2: 

/ , VrnaVmh 
a-\-b—n 

= AVm - 4g™ ^ 4 ( n + 2 ) V m { n + 2 ) + 2 ( 2 n + 3 ) A ^W+D + (n + ! ) A 2 ^ « } • (2°) 
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J2 vmaVmbVmc = 2 ( A V ^ _ 4 g T O ) 2 { 1 6 ( n + 4)(n+2)Vm{n+i) 
a+b+c=n 

+8((n + 2)(2n + 7) + (n + 3)(2n + 4)) A F r o ( n + 3 ) + 4((n + 2)(n + 3) + (2n + 4)(2n + 5) 

+ ( n + 2 ) 2 ) A 2 F m ( n + 2 ) + 2(n + 2)(4n 4- 7 ) A 3 F m ( n + 1 ) + (n + l )(n + 2 )A 4 F m n } . (21) 

Proof: Use (18) and Theorem 3.1. 
In Theorem 3.1, taking m = 1,2 gives the main results of paper [1], 

Corollary 3.3: 

HP2 - 4g)Vf + 1 ) = 4(n + 2)V<% - 2p(2n + k + 2 ) ^ + / ( n + k)V™, (22) 

^ V ~ % ) ^ + 1 ) = 4 ( n + 2 ) l ^ (23) 
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