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1. INTRODUCTION 

We define the Fibonacci numbers as usual by means of 

F0 = 0, F t = 1, F _,_ = F + F , (n > 1). 
U ' 1 ' n + 1 n n_i 

We shall be concerned with the problem of determining the number of repre-
sentations of a given positive integer as a sum of distinct Fibonacci numbers. 
More precisely we define R(N) as the number of representations 

(1.1) N = F. + F. + • • • + F t , 
kj k2

 K r 

where 

(1.2) kt > k2 > • • • > k r > 2 ; 

the integer r is allowed to vary. We shall refer to (1.1) as a Fibonacci rep-
resentation of N provided (1.2) is satisfied. 

This definition is equivalent to 

00 00 

(i.3) n d + y n) = S H ( N ) y N 

n=2 N=o 

with R(0) = 1. We remark thatHoggatt and Basin [4] have discussed a close-
ly related function defined by 

* > T ? ^ TVT 

(1.4) n d + y n) = J]R'f(N)y . 
n=i N=o 

^Supported in part by NSF grant GP-5174. ( R e c e i v e d J u l y , 1967) 
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Comparing (1.4) with (1.3) it is evident that 

(1.5) Rf(N) = R ( N ) + R ( N - 1 ) 

Ferns [3] and Klarner [5] have also discussed the problem of represent-
ing an integer as a sum of distinct Fibonacci numbers. We recall that by a 
theorem of Zeckendorf [1] the representation (1.1) is unique provided the k. 
satisfy the inequalities 

(1.6) - - - k . - k . - ^ 2 (j = 1, • • • , ! • - 1); k ^ 2 . 
j j+i J r 

We call such a representation the canonical representation of N. 
Rather than work directly with R(N) we shall find it convenient to define 

the function A(m,n) by means of 

00 F F °° 
(1.7) 0 ( l + x \ n + 1 ) = £ A(m,n)xmyn . 

n=i m,n=o 

It is easily seen that A(m,n) satisfies the recurrence 

(1.8) A(m,n) = A(n - m,n) + A(n-m,m - 1) . 

Also, as we shall see, 

(1.9) R(N) = A(e(N),N) , 

where 

(1.10) e(N) = V i + V i + " ' + V i ' 

and the k are determined by (1.1); the value of e(N) is independent of the 
s 

particular Fibonacci representation employed. . In particular we may assume 
that the representation (1,1) is canonical. Indeed most of the theorems of the 
paper make use of the canonical representation. 
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In p a r t i c u l a r it follows from (1,9) that for fixed n there is a unique value 

of m, namely e(n), such that A(m,n) f 0. 

It i s helpful to make a shor t l i s t of exponent p a i r s occu r r ing in the r ight 

m e m b e r of (1.7), that i s , p a i r s (m,n) such that A(m,n) f 0. Using the r e c u r -

r ence (1.8) we get the following: 

1 1 , 1 2 ) 2 3 ( 3 4, 3 5 | 4 6, 4 7 j 5 8 j 

6 9, 6 10 j 7 11 j 8 12, 8 13 j 9 14, 9 15 j 10 16 j 

11 17, 11 18 j 12 19, 12 20 | 13 21 | 14 22, 14 23 | 15 24 | 

• • • 16 25, 16 26 j 17 27, 17 28 | 18 29 | 19 30, 19 31 | 30 32 j 

21 33, 21 34 | 22 35, 22 36 | 23 37 | 24 38, 24 39 \ 

25 40, 25 41 | 26 42 | 27 43 , 27 44 | 28 45 | 

Th i s sugges ts that for given n, there a r e jus t one o r two va lues of m 

such that A(m,n) f 0. As we shal l s ee , this i s indeed the ca se . 

The f i r s t main r e s u l t of the pape r i s a reduct ion formula (Theorem 1) 

which theore t ica l ly enables one to evaluate R(N) for a r b i t r a r y N. While e x -

pl ic i t fo rmulas a r e obtained for r = 1, 2, 3 in a canonical r ep resen ta t ion , the 

genera l case i s ve ry complicated. If, however, we a s s u m e that al l the k 
s 

have the same pa r i ty the si tuation i s much m o r e favorable. Indeed if we a s s u m e 

that 

N = F 2 k i + - - + F 2 k r (kj> - • • > kY> 1) 

and put 

j s = V k s + i ( S = l j " " ' r " 1 ) ; j r = k r ' 

fr = £ ( J i . ' ' • . Jr) = RON), S r = 1 + fi + f2 + • • • + fr , 

then we have 

S0 = 1 , Sj = j j + 1, S r = ( j r + DSj-.i - S r_2 (r > 2) 

In p a r t i c u l a r if j j = • • • = j r = j we have 
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= £ (-l) t( r
t"t)(J + D1 S - - — - - - - - • - * - 2 t 

r 
2t<r 

Returning to (1.10) we show also that if k > 2, then e(N) = { ^ _ 1 N } , 

the integer nearest to a^N, where o? = (1 + N/5)/2, while for k = 2, e(N) 
= [a^N] + 1. 

Additional applications of the method developed in this paper will appear 
later. 

Section 2 

As noted above, by the theorem of Zeckendorf, the positive N possesses 
a unique representation 

(2.1) N = F. + F, + ••• + F, 
ki k2 kr 

with 

(2.2) k. - k > 2 (j = 1, • • •, r - 1); kf > 2 . 

When (2.2) is satisfied we shall call (2.1) the canonical representation of N. 
Then the set of integers (k^ k2, • • •, k r ) is uniquely determined by N and 
conversely. 

The following lemma will be required. 
Lemma. Let 

(2.3) N = F k i + . - . + F k r = FJi + - . . + F J s , 

where 

(2.4) ^ > k2 > • • • > k r ^ 2 ; j t > j 2 > • • • > j g > 2 

be any two Fibonacci representations of N. Then 
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(2.5) F. + • • • + F k 1 = F . + • • • + Fi _i . 

Proof. The l e m m a obviously holds for N = 1. We a s s u m e that it holds 

up to and including the value N - 1. If kj = j j then (2.3) impl ies 

F. + •" • + Fu = F . + • • • + F ; < N k2
 K r ] 2 3 s 

and (2.5) i s an immedia te consequence of the inductive hypothesise We may 

accordingly a s s u m e that k^ > j ^ . Since 

• • • F 2 + FQ • + • • • + F = F _,_' - 2 -, L 6 n n+2 

we mus t have kj = j j + 1. If k2 = kj - 1 we can complete the induction as in 

the prev ious c a s e . If k2 = kj - 2, (2.3) impl ies 

(2.6) 2F. + F. + • • • + F k ' = F . + • ' • + F i o , 
k2 k3

 Kr j 2 3 s 

with j 2 < k2. If J 2 < k2> 

F . + • • • + F , < F 2 + F 3 + • ' • • + F . < F . < 2 F . , 
32 3 s ^ d k2- i k2+l k2 

which con t rad ic t s (2.6). If j 2 = k2? (2.6) r educes to 

F + F + - . . + F, = F . + • • • + F . < N . k2 k3 k r 33 3 S 

Then by the inductive hypothesis 

(2.7) F, + F, + • • • + F k * = F . +• • • + Fi * . v ' k2 - l k3- l k r i 33-i 3s l 

Since j j = kA - 1, j 2 = k2 = k4 - 2, we have 

F. = F . = F . + F . = F . + F . 
k i - i 31 J i - i Ji-2 J i- i 32~l 

so that (2.7) impl ies (2.5). 
F inal ly t he re i s the poss ibi l i ty F, < F, - 2. In th is c a se (2.3) r educes 

to 
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(2.8) F. + F. + . . . + F. = F . + • • • + Fi = Nf < N ; 
ki-2 k2 k r j 2 3 s 

each m e m b e r of (2.8) i s a Fibonacci r ep resen ta t ion of N! . By the inductive 

hypothesis 

(2.9) . . . F . + F, + • • • + F, • A = F . + . . . + F i i . 
kj-3 k2-i kr - i j 2 - i J s 

Since ji - 1 = kj - 2, (2.9) impl ies 

F. + F. + • • • + F t „i = F . + F . + • • • + F- i ki k2- i Kr-1 J i - i j 2 - i 3s - 1 

and the induction i s complete . 

This evidently comple tes the proof of the l emma. 

We now make the following 

Definition. Let 

(2.10) N = Ff e + • • • + F k r & ! > • • • > k r > 2) 

be any Fibonacci r ep resen ta t ion of the posi t ive in teger N. Then we define 

(2.1D e(N) = F f c i - 1 + . . . + F k r . t . 

It i s convenient to define 

(2.12) e(0) = 0 . 

In view of the l emma i t i s i m m a t e r i a l which Fibonacci r ep resen ta t ion of N 

we use in defining e(N). In p a r t i c u l a r we m a y use the canonical r ep resen ta t ion 

(2.1). 

Section 3 

Returning to (1.7) we put 

(3.1) cDfey) = II (1 + x F n y F n + 1 ) 
n=i 
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Then 

00 00 

(D(x5xy) = n (1 + xFa+ Fn+i> =• fl (l + y F n x F n + 1 ) , 
n=i n=2 

so that 

(1 +. xy)<i>(x,xy) = <f> (y,x) . 

Hence 

oo oo 
(1 + xy) \ ^ A(m,n)x y = Y^ A(msn)y x 

m,n=o m9n=o 

Comparison of coefficients yields 

(3.2) A(m,n) = A(n - m, m) + A(n - m , m - 1) , 

the recurrence stated in the Introduction 
In the next place it is clear from the definition of e(N) that(1.3) reduces 

to 

00 °° , x 

(3.3) n (l + x F n y
F n+l ) = £ R(N) x e ( N ) y N , 

n=i N=0 

where R(N) is defined by 

00 

(3.4) n (l + y * n ) = 
n=2 

00 

= ' £ R(N)yN 

N=0 

It follows that 
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(3.5) R(N) = A(e(N),N) . 

In p a r t i c u l a r we see that, for fixed n, there i s a unique value of m, 

namely e(n), such that A(m,n) f 0. 

If we take m = e(n) in (3.2) we get 

(3.6) R(N) = A(N - e(N), e(N)) + A(N - e(N),e(N) - 1) . 

Now let N have the canonical r ep resen ta t ion 

(3.7) N = F ,_ + • • • + F k ki k r 

with k odd. Then r 

e(N) = F k H + • •• H - F ^ i , 

N - e(N) = F k i _ 2 + • • • + F k r _ 2 . 

Since k ^- 3, it follows that r 

(3.8) N - e(N) = e(e(N)) . 

On the o ther hand, s ince 

F 3 + F 5 + • • • • + F 2 t _ i = F 2 t - 1 , 

we have, for k = 2t + 1, r 

e(N) - 1 = F k + • • • + F k r - i + (F3 + F5 '+ . . . + F 2 t _ i ) ; 

the r ight m e m b e r i s evidently a Fibonacci r epresen ta t ion , so that 

e(e(N) - i) = Ff c _2 + • • • + ^kr^-2 + (F2 + F 4 + • • • + F 2 t _ 2 ) 

= F. + • • • + Fk __2 + F k .2 - 1 
ki-2 K r - i ^ K r L 

= N - e(N) - 1 . 
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Thus 

A(N - e(NL e(N( - 1) - 0 

and (3.6) becomes 

R(N) - A(e(e(N))5 e(N)) . 

In view of (3.8) we have 

(3.9) R(N) = R(e(N)) (kr odd) . 

Now let k in the canonical representation of N be even. We shall 
show that 

(3.10) R(N) = R(e2t"1(N1)) + (t - 1) R(e2t~2 (Nj) ) , 

where k = 2t , r 

(3.11) Ni = F k i + . - . +Fkr_t 

and 

(3.12) e V ) = e(et"1(N)), e°(N) = N • . 

To prove (3.10) we take the canonical representation (3.7) with k = 2t. 
Then 

(3.13) e(N) = F ^ + ••• + F k r _ 1 , 

which is a Fibonacci representation of e(N) except when t = 1. Excluding 
this case for the moment, we have as above 

(3.14) N - e(N) = e(e(N)) . 

Moreover 
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e(N) - 1 = F k i - 1 + • • • + F k r - r l + F 2 t _ i - 1 

= F k r - i + ' ' ' + ^r-f1 + ( F 2 + F 4 + *" * + F 2 t - 2 ) ' 

e(e(N) - 1) = F k _2 + • • - + F k r _ r 2 + (F4 + F 3 + • • •. + F 2 t _ 3 ) 

= F
k l - 2 + ' " + F k r _ r 2 + F2 t -2 > 

so that 

(3.15) e(e(N) - 1) = e(e(N)) . 

Substituting f rom (3.14) and (3.15) in (3.6) we get 

(3.16) R(N) = R(e(N)) + R(e(N) - 1) (k = 2t > 2) 

When k = 2, (3.13) gives 

Also since 

N - e(N) = F k ^ 2 + . . . + F k r _ _ r 2 = e(e(Ni)) , 

e(N) - 1 = F ^ ^ + • • • + F k r _ r l = e(Ni) 

e(N) = F k i _ 1 + --« + F k r _ r i + F 2 , 

we get 

e(e(N)) = F k i _ 2 + - - - + F k ^ r 2 + Ft 

= N - e(N) + 1 . 

I t there fore follows from (3.5) and (3.6) that 

(3.17) R(N) = R(e(Ni)) (k R = 2) 

in ag reemen t with (3.10). 
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Returning to (3.16) we have f i r s t 

(3.18) R(e(N)) = R(e2(N)) (k = 2t > 2) , 

by (3.9). Since 

e(N) - 1 = F k i _ 1 + . - + F k r _ r l . + (F2 + F 4 + . . . + F 2 t _ 2 ) , 

it follows by repea ted application of (3.17) and (3.9) that 

• • • R(e(N) - 1) = B ( F k _ 2 + . . . - + F k r _ r 2 + F 3 + - - - + F 2 t - 3 ) 

= R ( F k i - 3 + " ' * + F k r _ r 3 + F 2 + • • • + F 2 t _ 4 ) 
= R ( V 2 t + 2 + o s e + F k r - r ^ 2 ) 

= R(e 2 t " 2 (Ni>) . 

Thus (3.16) becomes 

(3.19) R(N) '= R(e2(N)) + R(e2 t"2(Ni) ) (t > 1) . 

Repeated use of (3.19) gives 

R(N) = R(e2t~2(N) ) + )t - l )R(e 2 t - 2 (Ni) ) ; 

finally, applying (3.17), we get (3.10) . 

Combining (3.9) and (3.10) we s ta te the following pr inc ipa l r e s u l t 

T h e o r e m 1. Let N have the cannonical r ep resen ta t ion 

N = F k i + . . - + F k r , 

whe re 

kj - k
j + 1 ^ 2 .(J = 1, • • • , ! • - 1); k r ^ 2 . 

Then 
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(3.20) R(N) = R(ekr"1(N1) ) + ( [ f k r ] - D R t e ^ ' V i ) ) , 

where 

Ni = F, + •• • + F k 4 . 1 kj Kr-1 

Section 4 

Since 

F2 + F4 + ••••• + F 2 t = F2t+i - 1, F4 + F3 + - +F 2 t _! = F 2 t 

it follows that 

(4.1) e(F2 t + 1 - 1) = F 2 t , e ( F 2 t - 1) = F2t_i - 1 . 

Also since 

F2t+i - 2 = F4 + F6 + • • • + F2t , 

F 2 t - 2 = F2 + F 5 + F7 + • • • + F2t-i , 

we get 

(4.2) e(F2 t + 1 - 2) = F 2 t - 1, e(F2 t - 2) = F2 t - i - 1 . 

Now by (3.6), for k > 2, 

R(Fk) = A(Fk_2, Fk .x) + A(Fk„2 ,Fk„i - 1) 

= R(Fk_i) + A ( F k . 2 , F k ^ - 1) , 

R(Fk - 1) = A(Fk - 1 - e(F k - 1), e(Fk - l)) + A ( F k - l - e ( F k - l ) , 
e ( F k - l ) - l ) . 

Then by (4.1), 
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A(F2t-2, F2 t - i - 1) = R(F2t_! - 1), A(F2t_1) F 2 t - 1) = 0 , 

so that 

(4.3) R(F2t) = R(F2t_1) + R(F2t_1 - 1), R(F2t_j) = R(F2t_2) . 

In the next place by (4.1) and (4.3) 

R(F2t - 1) = A(F2t_2, F2 t_! - 1) + A(F2t_2,F2t_1 - 2) 

= R(F2t_i - 1) , 

R(F2t_! - 1) = A(F2t_3 - 1, F2t_2) + A(F2t_3 - 1, F2t_2 - 1) 

= R(F2 t-2 - 1 )• 

Hence we have 

(4.4) R(Fk - 1) = R(Fk_t - 1) (k > 2) , 

which yields 

(4.5) R(Fk - 1) = 1 (k > 2) . 

Substituting from (4.5) in (4.3), we get 

R(F2t) = R(F2t_1) + l, R(F2t_i) = R(F2t_2) , 

which implies 

(4.6) R(F2t) = R(F2t+i) = t ( t > l ) . 

We shall now show that R(N) = 1 implies N = F, - 1. Let N have the 
canonical representation 

N = F
k l

 + - " + F k r • 
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Then by (3,20) 

(4.7) R (e k r " 1 (N 1 ) ) = 1 

and [ k r / 2 ] = 1, so that k = 2 o r 3. Since 

i t i s n e c e s s a r y that 

[(k A - k + l ) / 2 ] = 1 L r - i r ' 

and therefore 

k „ - k = 2 r - i r 

S imi la r ly 

k. - k._ i = 2 (J = 1, 2, • • ' , r - 2 ) . 

Hence we have e i the r 

N = F 2 r + F 2 r _ 2 + . . . + F 2 = F 2 r + 1 - 1 

o r 

N - F 2 r + i + F 2 r - i + • • • + F 3 = F 2 r + 2 - 1 . 

We may sum up. the r e s u l t s jus t obtained in the following t h e o r e m s . 

T h e o r e m 2. We have 

(4.8) R ( F k ) = [ I k ] (k > 2 ) 

T h e o r e m 3. R(N) = 1 if and only if 

N = Ff e - 1, k > 1 
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If we define R! (N) by means of 

(4.9) | - y ( 1 + y*n) = J^ R*(N)yN , 
n=l N=0 

then 

(4.10) R'(N) = R(N) + R(N - 1) 

and it follows immediately that 

(4.11) RT(Fk) = [ J k ] + 1 (k > 2) . 

This result has been proved by Hoggatt and Basin [4]. 
Further results like (4.5) and (4.8) can be obtained by the same method, 

For example we can show that 

R(F2 t + 1 - 2) = 1 + R(F2t - 2) (t > 1) , 

R(F2t - 2) = R(F2t_i - 2) (t > 1) . 

It follows that 

(4.12) R(Fk - 2 ) = ' [ J (k - D] (k > 3) . 

Consequently by (4.11) we have 

(4.13) R ? ( F k " 1] = [ ^ ( k + 1 ) ] ' 

a result proved by Klarner [5, Th. 1] . 

Section 5 

Theorem 1 furnishes a reduction formula by means of which R(N) can 
be computed by arbitrary N. For example if 
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(5.1) N = F. + F k (j - k > 2, k £2) 

that by (3.20) 

R(N) = R(ek"1(Fi)) + ( [ | k ] - D R ^ " 2 ^ ) ) 

= R ( F j _ k + 1 ) M [ 2
1 k ] - l ) R ( F . _ k + 2 ) . 

Applying (4.8) we get 

(5.2) R(N) = [ J(J - k + 1)] + ([ Jk] - 1)[1 (j - k +2)] . 

Again if 

(5.3) N = F. + F. + F k (i - j > 2, j - k > 2, k > 2 ) , 

then 

R(N) = R(F._k + 1 + F._k + 1) + ([J k] - DR(Fi_k + 2 + F._k + 2) . 

Applying (5.2) we get 

(5.4) RON) = [£(i - j + D] + ([J(j - k+ Ij] - 1) [Jtt - j + 2)] 
+ <[Jk] - l ) { [ J ( i - j + l)] + (2

1[j-k + 2] - l ) [ J f t - j + 2)J 

Unfortunately, for general N the final result is very complicated. How-
ever (5.2) and (5.4) contain numerous special cases of interest. 

In the first place, taking k = 2, 3, 4 in (5.2), we get 

(5.5) R(F. + 1) = [ j(j - 1)] (j 2 4) 

(5.6) R(F. +2) = [Ki -2)] (j > 5) 

(5.7) R(F. + 3) = [ £(j - 3)] + [J(J - 2)] (j 2 ' 6) . 
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In the next place for the Lucas number L defined by 

L0 = 2, Li = 1, Lk+t = L^ + Lk_i (k > 1) , 

since L k = F k + 1 + F ^ , (5.2) gives 

R(Lk) = 1 + 2[J ( k - 3)] (k > 3) . 

Hence 

(5.8) 

Since 

R(L2k+1) = 2k - 1 (k > 1) 

R(L2k) = 2k - 3 (k > 1) 

2 F k = Vi + Fk-a ' 3 F k = Fk+2 + Fk-2 • 

we get 

(5.9) R(2Fk) = 2 + 2[J (k - 4)] (k > 4) , 

(5.10) R(3Fk) = 2 + 3[J ( k - 4 ) ] (k > 4) . 

The identity 

L23 F k = Fk+2j + F k -2 j 

yields 

(5.11) R(L2jFk) = 2j + (2j + •!)([ J k] - j - 1) (k > 2j + 2) ; 

for j = 1, (5.11) reduces to (5.10). 
A few applications of (5.4) may be noted. For k = 2 we have 

(5.12) R(Ft + F j + 2 ) = [ J ( i - j + D] + [ l ( j -3 ) ] l [ i ( i - j + 2 ) ] ( i - j > 2 , j > 4). 
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while for k = 3 we have 

(5.13) R ( F . + F . + 2 ) = [ K i - j + D] + [ 2
1 (5 -4 ) ] [ 2

1 ( i - j+2) ] ( i > j > 2, j > 5) . 

Again, s ince 

4 F k = F k + 2 + F k + F k - 2 ' 

i t follows that 

(5.14) R ( 4 F k ) = 1 + 3 ( j (k - 4)] (k > 4) . 

Section 6 

As r e m a r k e d above, d i r e c t application of Theo rem 1 leads to ve ry c o m -

plicated r e s u l t s for R(N). If, however, al l the k in the canonical r e p r e -
s 

sentation of N have the s ame pa r i ty s imp le r r e s u l t s can be obtained. If a l l 
the k a r e odd then by (3.9) , s 

(6.1) R ( F k i + . . . + F k r ) = R ( F k i _ I + . . - + F k r _ 1 ) 

we may therefore a s s u m e that a l l the k a r e even. 

It wil l be convenient to in t roduce the following notation. Put 

(6.2) N = F 2 k l + • • • + F 2 k r , 

where 

(6.3) ki > k2 > • • • > k r > 1 ; 

a l so put 

(6.4) i = k - k (s = 1, • • • , r - 1) ; j • = k J s s s - i ' J r r 

and 
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(6.5) fr = f(j l f . . . , ] r ) = R(N) , 

where N i s defined by (6.2). 

Now by (3.20) and (3.9) 

R(N) = R ( F 2 k l _ 2 k r + . - + F 2 k r ^ _ 2 k r ) + (k r - l )R(F 2 k l _ 2 k r +2 

+ •.*• + F 2 k r _ r 2 k r + 2 ) • 

By (6.4) and (6.5) this r educes to 

(6.6) f(j l f . - « , j r ) = f(j l 9 • . . , j r ^ ) 

+ ( j r - Df(]i. • • • • i r _ 2 » J r - i + 2 ) ' 

By (3.19) we have 

R ( F 2 k r 2 k r + 2 + • • • + F2k r - 1 -2k r +2) 

= R(F2k!-2kr + • • • + F 2 k r - l - 2 k r ) + R(F2k1-2kr-.i+2 + ' * '+ F2kr_2-2kr_1+2 ) » 

so that 

f (Jl» • • • • Jr-2> J r - i + 2) = f (j1? • • • , j r - i ) + f(ji, • • • , jr-3> j r _ 2
 + 2 ) 

= «3i> ° ' e > J r - i ) + f(3i/" ' *. 3r-2> + •'" • + f (J i) + 1 • 

Thus (6.6) r educes to 

(6.7) fr = fr_i + ( j r - l)(fr_2 + . « + fi + 1) . 

If we define 

(6.8) S r = fr + fr_i + . . . + f i + l , So = 1 , 

then (6.7) becomes 



212 FIBONACCI REPRESENTATIONS [Oct. 

fr " fr_! = ^ " D ^ i ( r * 2 ) 

and therefore 

(6.9) S - (j + 1) S + S = 0 (r > 2) . 
r J r r - i r-2 

We may now state 
Theorem 4. With the notation (6.2), (6.3), (6.4), (6.5), f = R(N) is 

determined by means of (6.9) with S0 = 1, St = ji + 1 and 

f = S - S . r r r - i 

The first few values of S r are given by 

S 0 = 1, Si = J! + 1, S 2 = JiJ2 + ji + J2> S 3 = J1J2J3 + 3iJ2 + JiJS + 3233 + 32 " *• 

It is evident that S = S(jj, • • • , j r ) is a polynomial in ji, •••»jr; indeed it is 
a continuant [ 1, vol. 2, p. 494]. 

We have for example 

3 1 + 1 
- 1 

0 

1 0 

- 1 

32 + 1 
- 1 

0 

0 

- 1 

33 + 1 

0 

• 
• 
• 

0 

0 

0 

* 3 + 

and 

Sr(ji>32> " • » 3r) = S(j r , j r _ i , • • • , ji) . 

The latter formula implies 

(6.10) R(F2kl + . . . +F 2 k r ) = R(F2kJ+--- + F 2 k p , 
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where 

k[ = k r , kj = ki - k r , kj = ki - k r_i , • • •, k^ = k4 - k2 . 

When 

(6.11) ji = j 2 = ••• = j r = j 

we can obtain a simple explicit formula for S . Since in this case 

S r - (j + DSr_1 + Sr__2 = 0 (r > 2) , S0 = 1, Si = j + 1 , 

we find that 

^ S r x r = ( 1 - (J + Dx + x2)"1 = ^ x s ( J + l - x ) s 

r=o s=o 

EE^'(•.)«•» s-t s+t 
X 

s=o t=o 

which gives 

(6.12) • • • Sr = ] P (-l)t ( r " t j(J + l)r"2t 

2t<r 

In particular, for j = 1, (6.12) reduces to 

(6.13) S r = r + 1 (5 = 1) 

For certain applications it is of interest to take 

(6.14) ji = ••• = j r _ i = j , ' j r = k . 
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Then Sl5 • • •, S r - 1 are given by (6.12) while 

(6.15) ST = (k* 1) S - S 
r r - i r-2 

where S! = S(j, • • • , j , k\ It follows from (6,15) that 

(6-16) ft. = f ( J , . . . , j , k ) - k S M - S r _ f 

In view of the identity 

L2j+1 F2k = F2k+2j + F2k+2J-2 + " * + F2k-2J 

we get, using (6.13) and (6.16), 

(6.17) R(L2j+1F2k) - (k - j)(2j + 1) - 2J (k > j) . 

For k = j we have 

(6.18) R(L2 j + 1F2 j) = 1 

Note that 

L2j+1 F2j = F4j+1 - 1> L2j-1F2J = F4J-1 - 1 

When j = 2, we have 

V s xr+i = — * — =y"F2nxn, 
r=o n=o 

so that 

(6.19) S r = F 2 r + 2 

We now recall the identities 
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F 4 + F 8 + • • • + F 4 n = F2
2 n + 1 - 1 (n > 1) , 

F 2 + F 6 + • • • + F 4 n _ 2 = F l n (n > 1) , 

F 3 + F r + • • • + F ^ = F 2 n F 2 n + i (n ^ 1) , 

F j + F 5 + • • • + F 4 n . 3 = F2nFm_t (n * 1) . 

It follows readi ly , using (6.16) and (6.19) that 

(6.20) I K F ^ + I - 1) = F 2 n +i (n ^ 0) , 

(6.21) R ( F | Q ) = F 2 n _ t (n > 1) , 

(6.22) R(F2 nF2n+i) = F 2 n _j (n > 1) , 

(6.23) R ( F 2 n F 2 n - i ) = F 2 n _ ! (n ^ 1) . 

(6.24) R ( F 2 n + i - 2) = F 2 n (n > 1) , 

(6.25) R(F |n - 1) = F 2 n (n ^ 1) , 

(6.26) R(F 2 n F 2 n + i - 1) = F 2 n (n > 1) , 

(6.27) R ( F 2 n F 2 n - i - 1) = F 2 n - i . 

Combining (6.20) with (6.24), and so on, we get 

(6.28) R ' ( F 2 n - i - l ) = F 2 n (n > 1) , 

(6.29) R ' (F ln ) = F 2 n + i (n > 0) , 

(6.30) R ' ( F 2 n F 2 n + 1 ) = F 2 n + 1 (n> 0) , 

(6.31) RMFanFjn-!) = ZF^^ (n > 1) . 
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We have also 

(6.32) R(F2
2n - 2) = F2 n_2 (n > 1) , 

(6.33) RCFfn+t) - F2 n_! (n > 1) , 

so that 

(6.34) R T ( F | n - 1) = Lan-i (n > 1) , 

(6.35) Rf(Fin + 1) = L2n (n > 0) . 

Several of these results were obtained in [4]. 
In a similar way one can also prove the following formulas. 

(6.36) R ( F 2 n F 2 m ) = R(F 2 n + 1 F 2 m ) = (n - m) F 2 m + F2 m_i (n > m) , 

(6.37) R(F 2 n F 2 m + 1 ) = R(F2n+iF2m+i) = (n - m) F 2 m + 1 (n > m) . 

Section 7 

We shall now prove 
Theorem 5. Let N have the canonical representation 

(7.1) N = F k i + . . . + F k r . 

Then e(N + 1) = e(N) if and only if k = 2. 
Proof. Take k = 2. Then 
— r 

N + 1 = F ^ + • • • + F k r _ i + F3 , 

so that 

e(N + l) - Ffc i_1 + --- + F k r _ r l + F 2 . 

Since 
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e(N) = F k i _ i + . e . + F k r _ r l + F 1 } 

it follows that e(N + 1) - e(N). 
Now take k > 2. Then r 

N + 1 = F k ! + " ° + F k r
 + F 2 

and 

e ( N + l ) = F k i _ i + . . - + F k r _ ! + 1 . 

But 

e(N) = F + • • • + F k i r l < e(N + 1) . 

This comple tes the proof of the theorem. 

If N i s defined by (7.1) then 

M = F k i + 1 + • • • + F k r + 1 

sa t i s f ies e(M) = N. Moreover , by the l a s t theorem, if k = 2 then a lso 

e(M - 1) = N. 

Consider 

N + 1 = F k i+ i + ° " + F k r + 1 + F 2 

C lea r ly 

e(M + 1) = F k + • • • + F k r + 1 = N + 1 

Also, s ince F 3 = 2, we have 

M - 2 = F. , , + • • • + F k + 1 kj+i K r - i 

e(M - 2) = F k + • • • + F k r _ i = N -• 1 
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It follows that one can have at most two consecutive numbers Ns N + 1, 
such that e(N) = e(N + 1). This justifies the assertion about A(m,n) in the 
introduction. 

Section 8 

Put 

n a - p ' . 2 ' P 2 

Then it is easily verified that 

(8.1) a^F = F - £ n 

n n-i 

Hence if N has the canonical representation 

ki K r 

it follows that 

(8.2) e(N) - a-1 N = 0K l + $** + • . . + 0 ki , nfe , , nkr 

Consequently 

| e(N) - a - 1 ^ £ <Tkl + <Tk2 + . . . + a~kr 

< a'2 + a~4 + • • • + o r 2 r 

c - 2 1 1 
< — + —±— = ± < 0.62 

1 - <H a2 _ j ^ 

If we put 
# - % = [cr^N] + E (0 < E < 1) ,' 

where \ [ or *N] denotes the greatest integer ^a--*N, then 
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-0.62 < e(N) - [or1]*] - G < 0.62 . 

This impl ies 

(8.3) [ c r ^ N ] < e(N) < [a~1N] + 1 . 

If k > 3 it follows from (8.2) that 

|e(N) - cr^N] <.a~z + cT5 + • • • + ^ - 2 r _ 1 

< a~~* = 1 J _ < 1 
1 - a~2 a(a2 - 1) a2 2 

and therefore 

(8.4) e(N) = { > " % } (k > 2) , 

where {a-^N} denotes the in teger n e a r e s t to o ^ N . 

Thus the value of e(N) i s de te rmined by (8.4) except poss ib ly when k 

= 2. Now when k = 2 we have a s above r 

• • • e(N) - <*"% ^ a~2 - a~5 - a'1 - • • • - a " 2 r _ 1 > a~2 - — 
1 - QT 

a2 az(a2 - 1) a2 aA az 

so that 

0 < e(N) - cr^N < 0.62 . 

It the re fore follows that 

(8.5) e(N) = [ > " % ] + l (k .= 2) 

We may now s ta te 
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Theorem 6. Let N have the canonical representation 

N = F. + . . c + p . . 
ki K r 

Then if k > 2, r 

(8.6) e(N) = {>-%} , 

the integer nearest Qf_1N ; if k = 2 , 

(8.7) e(N) = [cr^N] + 1 . 

We remark that (8.6) and (8.7) overlap. For example for 

N = 6 = F5 + F2, e(6) - F4.+ F 1 '= 4, [6a-1] = [3.72]= 3, 

{6a-1} = {3.72} = 4. 

However for 

N = 25 = F8 + F4 + F2, e(25) = F 7 + F3 + F1 = 16, [25a-1] = 15, 

{25cr-l} = 15 . 
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