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Send all communications regarding Elementary Problems and Solutions 
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on a separate sheet or sheets in the format used below. Solutions should be 
received within three months of the publication date. 

B-142 Proposed by W i l l i a m D. Jackson, SUNY at Buf fa lo, Amherst, N . Y . 

Define a sequence as follows: Ai = 2, A2 = 3, and A = A ,A „ for ^ * * n n-1 n-2 
n > 2. Find an expression for A • 

B-143 Proposed by Raphael F inke ls te in , Tempe, Ar izona* 

Show that the following determinant vanishes when a and d are natural 
numbers: 

I F F F , I 
a a+d a+2d 
a+3d a+4d a+5d 

S F F F I 
I a+6d a+7d a+8d | 

What is the value of the determinant one obtains by replacing each Fibonacci 
number by the corresponding Lucas number? 

B-144 Proposed by J . A . H . Hunter, Toronto, Canada 

In this alphametic each distinct letter stands for a particular but differ-
ent digit, all ten digits being represented here. It must be the Lucas series, 
but what is the value of the SERIES? 

288 
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ONE 
T H R E E 
S T A R T 

L 
S E R I E S 

B-145 Proposed by Douglas L ind , Universi ty of V i r g i n i a , Char lo t tesv i l l e , V a . 

Given an unlimited supply of each of two distinct types of objects, let f(n) 
be the number of permutations of n of these objects such that no three consec-
utive objects are alike. Show that f(n) = 2F + , where F is the n Fib-
onacci number. 

B-146 Proposed by Wal ter W , Horner, Pit tsburgh, Pennsylvania. 

Show that 77 = Arctan (1/F2 n) + Arctan F2n+i + Arctan F2n+2 • 

B-147 Proposed by Edgar Karst, Universi ty of A r i zona , Tucson, A r i zona , 
in honor of the 66th bi r thday of Hansraj Gupta on O c t . 9 , 1968, 

Let 

S =• (1/3 + 1/5) + (1/5 + 1/7) + • • • + (1/32717 + 1/32719) 

be the sum of the sum of the reciprocals of all twin primes below 215.. Indicate 
which of the following inequalities is true: 

(a) S < TT2/6, (b) TT2/6 < S < v£~ (c) Ve < S . 

SOLUTIONS 

N O T E : The name of A . C . Shannon was inadver tent ly omi t ted from the list of 

solvers of B-109, 

L I N E A R C O M B I N A T I O N OF G E O M E T R I C SERIES 

B-124 Proposed by J .H .Butchar t ,Nor thern Ar izona Univers i ty ,F lagsta f f , A r i z o n a . 

Show that 
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00 

i=o 

where 

a0 = 1, a4 = 1, a2 = 2 , " 8 

are the Fibonacci numbers. 

Solution by R. L. Mercer, University of New Mexico, Albuquerque, N . Mex. 

Convergence of the series follows from 

n & ^ V = CL+v€)/2 

and the ratio test. Let T be the value of the series. Then 

-00 00 00 

i=o i=o i=o 

and 

T = 4(T - a0 - at/2) - 2(T - a0) -

Solving, we find 

T = 2(a0 + ai) = 2a2 = 4 . 

Also solved by Dewey C . Duncan , Bruce W . K i n g , J . D . E, Konhauser, F. De 

Parker, C . B. A . Peck, A . C . Shannon (Aust ra l ia ) , John Wessner, Dav id Z e i t l i n , 

and the proposer. 
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EDITORIAL NOTE: 
Since „ x 

f(x) = 1 = y F . x n = y a.x1 

1 - x - x * ^ n + 1 . ^ J 

n=o i=o 

Substituting 

X 2 < 2 \ 2 / 

yields 

00 

i=0 ! - I - 4 

while f(-l/2) = 4/5. 

V. E.H. 

A NON-INTEGRAL SUM 

B-125 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va, 

Is 

n 
v JL 
i-i F . 
k=3 k 

ever an integer? Explain. 

Solution by Dewey C. Duncan, Los Angeles, California. 

The summation 
n 
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is never an integer, since 

(1) For n = 3, 4, 5, the summation yields 1/2, 5/6, 31/30, respectively. 
(2) For n > 5, the summation yields a sum that is greater than 1 and less 

than 1.5, since 

F 2k- i F2k+i F2k F2k+2 

F2k ^2k+2 ' F2k+i < F2k+3 ' 

and 

lixn ^ - - ^ 

From 

n + i 

F2k-iF2k+l - F2k = (~D2k 

one implies that for all k > 1, 

F2k F 2 k F2k_i F2 k_! 
F2k+2 F 2 k + 1 F 2 k F 2 k 

Therefore, since 

_ = 2 
F4 3 ' 

we conclude that, for k > 3, 

F 
LJL_ < 1 
F k + i 3 

Consequently, 
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D if- < \ [1 + (2/3) + (2/3)2 + (2/3)3+ - ] , 
k=3 k 

whence, 

00 

Y, Y~ < 3/2 Q.E.D. 
k=3 k 

Also solved by R. L. Mercer, C. B, A . Peck, and the proposer. 

GOOD ADVICE 

B-126 Proposed by J . A. H. Hunter, Toronto, Canada. 
Each distinct letter in this alphametic stands, of course, for a particular 

and different digit. The advice is sound, for our FQ is truly prime. What do 
you make of it all? 

READ 
FQ 

READ 
FQ 

DEAR 

Solution by Charles W. Trigg, San Diego, California. 

From the unitsf column R is even* Since 2R + 1 = D, then (R,D) = 
(2,5) or (4,9). 

If (R,D) = (4,9), then (since FQ is prime) Q = 3 and F = 1,2,5,7, 
or 8. Furthermore, 2F + A + 2 is a multiple of ten. Thus (F,A) = (1,6), 
(5,8) or (8,2). But each of these pairs leads to a value of E which duplicates 
another digit 

If (R,D) = (2,5) then (since FQ is prime) Q = 1, and F = 3,4,6 or 7. 
Now 2F + A + 1 is a multiple of ten, so (F, A) = (6, 7) is the sole solution. 
Whereupon E = 10 - 2 or 8, The unique reconstruction of the addition is 
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2 8 7 5 

6 1 

2 8 7 5 

6J. 
5 8 7 2 

Addi t iona l solut ion by David Z e i t l i n , M inneapo l i s , Minnesota. 

0841 

7 9 

0841 

7_9 

1840 

Also solved by H . D . A l len (Canada), A . Gommel , R. L. Merce r , John W . M i l som, 
C . B. A . Peck, and the proposer. 

CONGRUENCES 

B-127 Proposed by Charles R. W a l l , Universi ty of Tennessee, K n o x v i l l e , Tennessee. 

Show that 

2 n L = 2 (mod 5) , 
n 

2 n F = 2n (mod 5) . n 

Solut ion by John Wessner, Me lbourne , F lo r ida . 

We proceed by induction. Both r e s u l t s a r e t rue for n = 1,2. If we 

a s s u m e that the f i r s t for n = k and n = k + 1, then we have 

2 k L k = 2 (mod 5), 2 k + 1 L k + 1 = 2 (mod 5) . 

Combining these , 

0k+2L, ^ = 2(2 k + 1 L. _,_. + 2 • 2 k L, ) = 2(2 + 2 • 2) 5 2 (mod 5) . 
2 k+2 k+i k 
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Simi lar ly , in the second ca se we a s s u m e 

2 k F k = 2k (mod 5), 2 k + 2 F k + 2 = 2(k + l)(mod 5) . 

Combining these gives 

2 k + 2 F . ^ = 2 (2 k + 1 F , ^ + 2 • 2 k F , ) k+2 k+i k 

= 2 2(k + 1) + 2 • 2k = 12k+ 4 

=? 2 ( k + 2)(mod 5) . 

Also solved by Herta T. Fre i tag , R. L Mercer , C . B. A . Peck, A , C . Shannon 
(Aust ra l ia) , Paul Smith (Canada), David Z e i t l i n , and the proposer. 

GENERALIZED SEQUENCES 

B-128 Proposed by M . N . S. Swamy, Nova Scotia Technical Co l l ege , H a l i f a x , Canada* 

Let f be the genera l ized Fibonacci sequence with fy = a, f2 = b5 and 

f . 4 ~ f + f • Let g be the assoc ia ted genera l ized Lucas sequence defined n+i n n - i &n & Vl 

by g = f . + f ^ . Also let S = f< + f2 + • • • + f . It i s t rue that S4 = g4 J &n n - i n+i n l * n 4 to4 

and S8 = 3g6. Genera l ize these fo rmulas . 

Solut ion by C , B. A . Peck, Ordnance Research Laboratory, State Co l l ege , Pennsylvania. 

B y i nduc t i on , 

n n+2 * n n - i ^ n-2 L 

and 

g = L ,f2 + L fi . &n n - i * n-2 -1 

Thus 

s4n = hn-z ~ h = (F4n-i - l)h = F4nfi 

and 
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F2ng2n+2 ~ F2n(L2n+if2 + L2nfi) • 

These are equal, since 

F4n = F2nL2n 

and 

F4n-l - 1 = F2n.L2n+i • 

Thus we have 

s4n = F2n^2n+2 • 

P. S. S = f + - f2 occurs in B-20, FQ, Vol. 2, pp. 76-77. 

Also solved by Bruce W . K i n g , A . C . Shannon (Aust ra l ia) , David Z e i t l i n , and 
the proposer. 

MODIFIED GOLDEN RATIO 

B— 129 Proposed by Thomas P. Dence, Bowling Green State Un ivers i ty , Bowling 
G r e e n , O h i o . 

For a given positive integer, k, find 

lim (F ^ / L ) . n—>oo n+k n 

Solut ion by Bruce W . K i n g , Burnt Hi l ls - Balston Lake H . S . , Burnt H i l l s , N . Y . 

Let a = (1 + V§)/2- and b = (1 - V5)/2. Then |b/a| < 1 and it follows 
that (b/a) ^ 0 as n->oo. Hence 

F n + k / L n = (ak + k - bn+k)/V5"(an + b n ) = (ak / V § ) [ l - ( b / a ) n + k ] / [ l + (b/a)n] 

approaches a A/5~ as n goes to infinity. 

Also solved by R. L. Mercer , C . B. A . Peck, A . C . Shannon (Aust ra l ia) , Paul 
Smith (Canada), John Wessner, and the proposer. 



1968] ELEMENTARY PROBLEMS AND SOLUTIONS 

MULTINOMIAL COEFFICIENTS 

B-130 Proposed by Douglas Lind, University of Virginia, Charlottesville, V a . 

Let coefficients c.(n) be defined by 

297 

(1 + x + x2) = c0(n) + Ci(n)x + c2(n)x2 + • • • + c3n(n)x; 2n 

and show that 

2n 
/ J c.(n) 2 = c2n(2n) . 

3=0 

Generalize to 

(1 + x + x2 + • • • + x ) . 

Solution by David Z e i t l i n , Minneapolis, Minnesota. 

Le t 

Q(x) = Qk n(x) = (1 + x +• x2 + • • • + x 
kn 

Since 

we have 

x ^ Q d / x ) = Q(x) , 

qjW = V - j ( n ) 

kn for j = 0 ,1 , • •• •, kn. Equating coefficients of x in 

k 2 n (~ k 
(1 + x + • • ' + x ) = (1 + x + — +x ) 
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we obtain 

kn kn 

V(2n) = E Vn)V-r(n) = S l%^f • 
r=o r=o 

Also solved by Ra L. Mercer , R# W , Mercer , A . C . Shannon (Aust ra l ia ) , 
and the proposer. 

A FIBONACCI-LUCAS IDENTITY 

B-131 Proposed by Charles R. Wal l , University of Tennessee, Knoxviile, Tennessee 

P r o v e that for m odd 

L + L _,_ 5F 
ii" m n+m _ n 

F + F , L 
n - m n+m n 

and for m even 

F + F _,_ F 
n - m n+m _ _ji 

L + L ^ L 
n - m n+m n 

Solut ion by John Wessner, Me lbou rne , F lo r ida . 

The following p r o p e r t i e s of the Fibonacci and Lucas number s can eas i ly 

be proved by the use of the Binet formula: (1) F o r odd values of m, 

L + L _,_ = 5F F 
n - m n+m n m 

F + F ^ = L F 
n - m n+m n m 

(2) for even values of m, 

[Continued on p. 304. ] 

L + L ^ = L L , 
n - m n+m n m 

F + F ^ = F L . 
n - m n+m n m 

•k it • • • 


