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Dickson [ l ] reports that n J . L0 Lagrange [2] noted that the residues of 
A, and B, with respect to any modulus are periodic. n A, and B, are de-
scribed by indicating that "Euler [3] noted that 

(a + V b ) k = Ak + BkVb~ 

implies 

A, = f [ ( a + V b ) k + ( a - V b ) k J , B, = -^— [(a + V b ) k - (a - Vb) k ] " 
k k 2\47 

With this as a hint I tried empirically to determine whether Lagrangefs idea 
would work with the Fibonacci series, u . This may not be immediately appar-
ent but simple empirical trials developed a number of significant revelations. 
Thus, starting with uj = 1, u2 = 1, u3 = 2, etc., the residues for consecu-
tive u , modulus 5 are: 1, 1, 2, 3, 0, 3, 3, 1, 4, 0, 4, 4, 3, 2, 0, 2, 2, 4, 
1, 0. This series then repeats itself endlessly, illustrating Lagrange?s perio-
dicity, This is generally true of every modulus tried from 2 to 94. Each 
modulus has a characteristic period which displays various individual regular-
ities. Thus, the above period, modulus 5, is broken up by zeros into 4 groups 
of 5 residues each including zero. The following is a resume of the character-
istics of all groups and periods determined for all moduli investigated. We 
define 

Group: The residues, starting with the residue from u* = 1 and contin-
uing to and including the first zero residue obtained after dividing consecutive 
u • n 

Period: The residues, starting with the residue from u* = 1 and con-
tinuing to and including the first zero residue which follows a residue of 1, ob-
tained after dividing consecutive u . From this point, the second period and 
all succeeding periods will exactly duplicate the first. 
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Examining the per iod of modulus 5 given above, from the above defini-

t ions, the f i r s t group c o m p r i s e s 5 digi ts , v iz . , 1, 1, 2, 3, 0. The per iod c o m -

p r i s e s 4 groups , containing 20 r e s idues and ending 2, 2, 4, 1, 0. 

The c h a r a c t e r i s t i c s de te rmined in the light of the above a r e : 
1. The sum of a l l r e s i d u e s in a per iod (but not, in genera l , in a group), 

i s divisible by the modulus without r ema inde r . Thus , for modulus 5, the sum 

of the r e s idues in the per iod i s 40 which i s divisible by the modulus . 

2. The number of groups in a per iod is always 1, 2, o r 4. 

3. If the s ize of a group i s n, then u and m o r e genera l ly u a r e 

exact ly divis ible by the modulus . 
40 If P .and P a r e p r i m e fac tors of the modulus P P , the group ni n2 n-i n 2 

and per iod of the modulus a r e divisible by the group and per iod respec t ive ly of 

the P Ts . F o r example , modulus 10 i s factored by P = 2 and P = 5 , n ^ J ni n2 

The group and per iod of 2 a r e 3 and the group and per iod of 5 a r e 5 and 20 r e -

spectively,, The group s ize for modulus 10 i s 15 (divisible by 3 and 5); the 

per iod , modulus 10, i s 60,, divisible by 3 and 20. This fact p e r m i t s ready 

check of groups and per iod calculated for composi te moduli . 

It is evident that the finding l is ted as 3 above i s not pa r t i cu l a r ly helpful 

in de termining the u which a given p r i m e modulus wil l divide, if the group 
s ize for that modulus m u s t be de te rmined by actual division of consecut ive u . 

J n 
Thus , the p r i m e 103 i s found to have a group of n = 104. To de te rmine that 

U104 i s divis ible by 103 by dividing 104 consecut ive u and knowing that ui04 

contains 22 digi ts , not to mention the l a rge number s which p recede U394, 

s e e m s to be prohibi t ively labor ious . For tunate ly ; ea r ly in the calculat ion of 

groups and per iods I found a way to calcula te these without any dividing at all! 

This was de te rmined when it was noted that the r e s idues a r e additive according 

to the usual Fibonacci s e r i e s ru l e : 

u , = u + u , A n+2 n n+l 

until the l a s t r e s idue is equal to o r g r e a t e r than the modulus . 

At th is t ime we sub t rac t the modulus from this l a rge r e s idue . If the l a t -

t e r is equal to the modulus , the res idue i s ze ro and the group a n d / o r per iod 

ends . If i t i s l a r g e r , the difference i s s e t down a s the r e s idue in the place of 

the l a r g e r f igure. This r e s idue is then added to the previous res idue and the 
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sum is compared with the res idue as before . This p rocedure continues until 

the group a n d / o r per iod i s de te rmined . As can be seen, a l l manipulat ions a r e 

additions and subt rac t ions 3 division i s neve r requ i red . 

Example 1. To de te rmine the group and per iod for modulus 10. 

Star t with uj = 15 the r e s idue , rA = 1. Add this to UQ = 0 and we get 

the second res idue r2 = 1. Add r i to 

r2 = l + l = r 3 = 2 . 

This i s s t i l l s m a l l e r than modulus 10, so we continue. 

r 2 + r 3 = 1 + 2 = r 4 = 3. r 3 + r 4 = 2 + 3 - r 5 = 5. r 4 + r 5 = 3 + 5 = r 6 = 8. 

Now, 

r 5 + r 6 = 5 + 8 = 13 . 

This i s l a r g e r than modulus 10 so we sub t rac t 10 and get r 7 = 3. Now we add 

r 6 + r 7 = 8 + 3 = 11 . 

Again, this i s l a r g e r than the modulus; we sub t rac t 10 and get r 8 = 1. Now 

we add 
r 7 + r 8 = 3 + 1 = r 9 = 4 . r 8 + r9 = 1 + 4 = r10 = 5, r 9 + r10 = 4 + 5 = rn = 9. 

Now 

r10 + r t l = 5 + 9 = 14 . 

Subtract 10 and we have r^2 = 4. 

vn + r12 = 9 + 4 - 13 

from which r ^ = 3. 
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n 
^12 + r1 3 = 4 + 3 = r1 4 = 7 . 

Final ly 

r1 3 + r1 4 = 3 + 7 = 10 

which i s exactly equal to the modulus . When we sub t rac t 10 the r e su l t r1 5 = 0 

and the group ends. Since r^4 f 1, the per iod is not yet complete and i s d e -

te rmined by continuing the p rocedure . Thus , l is t ing consecutive r e s idues 

s t a r t ing with r j 4 we get 

7, 0, 7, 7, 4, 1, 5, 6, 1, 7, 8, 5, 3, 8, 1, 9, 0 

ending the second group but the per iod continues: 

9, 9, 8, 7, 5, 2 , -7 , 9, 6, 5, 1, 6, 7, 3, 0,-3, 3, 6, 9, 5 ,4 , 9, 3,-2, 5, 7, 2, 9 , 1 , 0 

Here the per iod ends , compr i s ing 4 groups of 15 r e s idues each. Notice that 

the second per iod begins exactly the s a m e way a s the f i r s t : 1, 1, 2, 3, e tc . 
Since a l l pe r iods a r e calculated the s a m e way and a l l pe r iods , r e g a r d l e s s of 

modulus , s t a r t with 1 ,1 , it i s obvious that al l per iods will be exact dupl icates 

of each other and the re i s no point in continuing opera t ions . Since the group 

s ize n, modulus 10, i s 15 ui5 mus t be divis ible by 10. We find u j 5 = 610, 

divis ible by 10. 

While i t i s evident that even this p rocedure is labor ious for l a rge p r i m e 

n u m b e r s it i s much e a s i e r than consecutive divis ions of u • While shor t cuts 
n 

such a s this a r e poss ib le in emp i r i ca l invest igat ions of the Fibonacci s e r i e s , 

i t i s imposs ib le to avoid labor a l together . 
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