A NOTE ON FIBONACCI QUATERNIONS
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A. F. Horadam has derived in [1] some results regarding Fibonacci
and generalized Fibonacci quaternions. The object of this note is to derive

some more relations connecting these two quaternions. Following [1] Qn and
Pn are defined as

(1a) p = Fp *iF  H§F L FKE L

(1b) o = Hy fH o+ GH +KH

where

(1c) i2 =3 =k =-1, ij=-jk=k, jk=-kj=1i, ki=-ik=7j.

Let us now consider the relation

Pn * an - [Hn + iHn+1 i an+z * an+3]
+q[F +iF IFpy ¥ kF .ol
Also from (1) of [1] we have
H =@-@F +aF .. .,
S0
P *+aQ = [@-QF +qF  J+i[@-F , +aF ]
tile-aF ,+aF) ] +k[E-aF  aF ) ]

FA[Fy AR T Iy YRl

This becomes after some simplifications
= p(Fn + iFn +

PPy T )

+ i i +
+ q(Fn+1 1Fn+2 * JFn+3 an+4)
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Hence,

P,+taQ, = pQ +dQ

or
@) Py = PQy 4@, - Q)
Py = PRy taQ,

by definition of Qn. Consider now the quantity

where _1-5n, Q.. are conjugate quaternions respectively of P, and Q.

PQ,-PQ = (H +iH  +jH +KH _)F -iF  -jF

[Oct.

kF

nn n*n n-+2 n n+ nt2 - onts
- (Hn - lHn+1 - JHn+z - an+3)(Fn+1Fn+1+JFn+2+an+3
= -~2Hn(Qn - Fn) + ZFn(Pn - Hn)
(3a) PnQ-n - PnQn = Z(FnPn - HnQn)
Dividing by PpQ, # 0,
% E_, (f_q ] 51)
Qn Pn Qn Pn
(3b) _ _
Qn - ZFn _ Pn - ZHn
Qn Pn
Again,
3
PnQn + PnQn = 22 Hn+iFn+i - 2iHn+1(an+2 * an+3)
=0
- 2an+z(iFn+1 * an+3) - 2an+3(iFn+1 * JFn+z)

)

)
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Using (1c) and simplifying we have,

= 2H F_+ 20 _(F KF,, +iF,,.)

+ - i +
) an+1 1Fn+3) 2Hn+3(F

n+ n--3

+ 2Hn+2(F iF_ . +iF_. )

n+ n+1 n+2

n+3~

Now using

we may write the above relation as

Pn’Qn * PnQn - ZHHFH - z[iHnﬂ * an+2 * an+3][iFn+1 * an+2 N an+3]
=20 F -2 -H)Q -F)
PnQn + PnQn = _Z(PnQn - Py - Qan)
(4) PnQn * PnQn = 2[PnFn * Qan - PnQn]

As P_ and Qn # 0, dividing by PnQn’

n Qn
Q - 2F 2H - P
QnQ +1 = s n _ 1
n n
or
Q. - 2F P - 2H
(4h) - SRR SO [ I ¢ SN (RPN
) Q P
n n

Also
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PnQn - PnQn = (Hn * 1Hn+1 + an+2 * an+3)(Fn * iFn+1 * an+z + an-le)
- | -iH - H - KH OF -iF, - 3F - KF L)
= 2Fn(1Hn+1 + 3Hn+2 + an+3)
+ 2Hn(iFn+1 +HIF Lt anﬂ)
= 2F (P -H ) +2H Q - F)
@) PnQn - PnQn =2 [HnQn * FnPn - 2HnFn]
Theorem:

2 2 = -
Qn—i + Qn ZQ2n-1 3LG+z

Let us consider the left side of the relation.

Qfl—i * lel - (Fn—i * iFn * J.Fn+1 * an+2 2 (Fn * iFn+1 * jFn+2 * an+3)2
= [P =T - Foy ~ Fray * Fo = Py~ Frg = Fhg ]
+2 [Fn-i(iFn * an+1 * an+2) * Fn(iFnﬂ * an**z * an+3 )]
* [iFn+1(an+2 * an+3) * an+2(iFn+1 + an-Ps )]
+ [iFn(anﬂ * an+2) * an+1(iFn + anﬂ)]
* [KF),GF, +3F) )+ KF GGF)  +3F) )]

The first term

2 _ w2 _ (T2 2 _ 2 2
Fn—i Fn+1 (Fn+1 + Fn+2) (Fn+2 + Fn+3)

_ (w2 _ 2 2 2 2 2
[(Fn+1 Fn—i) * (Fn+1 * Fn+2) * (Fn+2 * Fn+3)]

(A)

- [(an +F s T F2n+5]

1l

- [12F2n +TF, 1]

Now consider the terms containing i, j, k, namely,
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. + ] + 0]
4 [FnFnﬂ FnFn+1] 2] [Fn—iFnﬂ + FnFnﬂ]

(B) + 2k[Fn_1Fn e N ﬂ]
= 21F2n * 23F2n+1 * 2szn-I-z
Therefore
2 2 =
Q_ +Q2 [12F2n + 7F2n_1]
+ 21F2n + 2]F2n+1 + 2kF2n+2
= - [12F2n + 9F2n_1 - 2F2n—1]
+ Zinn + jFZn—H + kF2n+2
- [3F2n43 * 3F2n+1] +2Qny
- —3L2n+2 * 2an=1
Hence,
2 2 = -
Qn—i * Qn 2Q2n—1 3L2n+2

Hence the theorem.

Other interesting relations will be considered later.
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DON'T FORGET!!

It's time to renew your subscription to the Quarterly for 1970!
Send your check for $6.00 to Brother Alfred Brousseau, St. Mary's
College, California, made out to the Fibonacci Association or the Fibonacci

Quarterly. ..
k.4



