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In the following we present a short proof of a theorem shown by H. L. 
Duncan [1]: 

Theorem 1. If lit, JUL2, • • • is the sequence of the Fibonacci numbers, 
then the sequence logfij, logM.2, • • • is uniformly distributed mod 1. 

Moreover, we show the following proposition. 
Theorem 2. The sequence of the integral parts [log M-i] s [log M-2] » ' ' " 

of the logarithms of the Fibonacci numbers is uniformly distributed mod mfor 
every positive integer m > 2. 

Proof of Theorem 1. It is well known that 

K "n+1 . 1 + N/5 
r n 

or 

(1) log liR+1 - l o g ^ n ~ > l o g ^—^- , as n - > o o . 

In [2] (see th. 12.2.1), it is shown that if u f 0 is real and algebraic, 
then 9 is not an algebraic number. Therefore, 

1 +_js/5 

being an algebraic number, we conclude that 

, 1 + rsj 5 
log g 

is transcendental. (One can also argue as follows: let be given that 9 > 0 is 
algebraic. Now suppose that log 9 = u/v where u and v are integers. Then 
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we would have 9V = e . But this i s imposs ib le s ince 8 i s a lgebra ic and e 

i s t ranscendenta l (orally communicated by A. M. Mark) . 

According to a theorem due to J . G. van de r Corput we have that a s e -

quence of r ea l number s A4, A2, • '* i s uniformly dis t r ibuted mod 1 if 

A ,., - X — > 6 (an i r r a t iona l number) a s n - > <*>. n+i n 

(see [3]) . By the p rope r ty (1) we see that the sequence logjOLj, log/jL2," •" i s 

uniformly d is t r ibuted mod 1. 

Proof of Theo rem 2. F i r s t , we use the fact that the sequence 

logM n 
— (m, an in teger ^ 0), n = 1,2,* •• , 

i s uniformly dis t r ibuted mod 1 which follows by the s ame a rgument used in the 

proof of Theorem 1: we have namely 

logfi. + 1 logU log — ^ — • 
_—__ -$> _ (non-algebraic) a s n —> <*>. 

m m m & 

Then accord ing to a theorem of G. L. van den Eynden [ 4 ] , quoted in [5] the 

sequence 

[ l o g / i j ] , [logfXjj], • • • 

i s uniformly d is t r ibuted modulo m for eve ry in teger m > 2 , that i s , if 
A(N, j , m ) is the number of e lements of the set 

{ [ l o g ^ n ] } (n = 1,2, • • • , N) , 

satisfying 

[ l o g f i n ] = j ( m o d m ) , (0 < j < m - 1) , 

then 
[Continued on page 473. ] * • • • • 


