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1. Let
Foun = Fp v Fpge Fo= 00 Fy

and define

[>e}

k cos

(1.7) f &) = Fo X /kt @ =0,1,2,°°°) ,

k=0
so that

f&=1f,.,&, { &®=1{x+f & .

Note that fn(O) = Fn.

In a recent paper [1] in this Quarterly, Elmore has pointed out that
many of the familiar formulas involving the Fibonacci numbers Fn can be ex-
tended to the functions fn(x). For example, the identities

S o= D™ F = 2 2
Fm—1Fm+1 Fm 1, I‘Zm-l Fm—l * Fm
become
_ o2 = (- m X
£ @ & -5 & = ()" e
and

fom.1@%) = £ & + £ & ,

respectively; the identity
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F = F F +F_ F
m n-

m+n T m-1"n 1

becomes

fm+n(u + V) = fm_l(u)fn(v) + fm(u)fn +]‘(v) .

The formulas

(1.2) £ @f ) = (DT E @E 0 -FL . @+9],
u r .
(1.3) F E &-we = ()[f @f O -f@ N\ I

seem particularly striking. Elmore remarks that they may be special cases
of a more general formula in which no capital F's appear. This is indeed
the case, as we shall show below. The formula
W @ 0 - R ) = (DTN - 0 - %),
where x +y = u+v, reduces to (1.2) when x = 0 and reduces to (1.3) when
u=x, V=y.

2. Since it is no more difficult, we consider the following slightly more

general situation. Let

(2.1) Hn+1 = pHn - an—l’ Ho = 0, H1 =1,
and define
< K
(2.2) By() = D H g X/KE @0= 0,120
k=0
so that

h;l(x) = hn +1(x), hn+1(x) = phn(x) - qhn_l(x) .

Corresponding to (1.4), we shall show that
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2.3 h @ ) - h &h y =qF ™ h @ - xh - x,

m-+n-+r

provided x+y =u + v.
Let o, denote the roots of x% - px+q = 0. Then

n
H =2 &

(2.4) n - e - ’

and (2.2) implies

(2.5) h () = @ X - g PX)

1
a- P

It follows at once from (2.5) that

o0
k
(2.6) h g Xy /Kl =h&+y.
k=0
Consider
2 70
Z. {hm+r(u)hn+r(V) = hr(x)hm+n+r(y)} m!n!
m,n=0

]

hr(u + 2)h (v + W) - hr(x)hr(y + 7+ W)
B)-Z {(ar eoz(u+z) _ Br e,8(u+z) ) (ar ea(v+w) _ Br e,8(v+w)

]

@ -
R e,Bx)(ar eoz(y+z+w) _ g eB(y-l—z+W) )}

@ - B)-z {QZr eoz(u+v+z+w) + BZr eB(u+v+z+w)

_ qr(eoz(u+z)+ﬁ(v+w) + Plutz)+o(v+w) )
- - B)-z {QZr ea(’(+y+Z+W) + BZr eB(x+y+z+w)

_ qr(eax+5@v+z+w) 4+ Pxtalytztw) )]

If we take x+y = u+v, this reduces to
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@ - B)-z qr {eafx+ﬁ(y+z+w) + eﬁxw(y+z+w)

_ Qlutz)+Bvw) eB(1,1+z)+a/(v+w)}

@ - B)-Z qr oPX {eoz(—x+y+z+w) + eB(-x+y+z+w)

_ e0z(—x+u+z)+ﬁ'(-x+v+w) _ ea/(-x+v+w)+ﬁ(-x+u+z)}

@ - ﬁ)-z qr oPX (ea(-x+v+w) _ e.B(—x+v+w))

. (ea(-x+u+z) _ eﬁ(-x+u+z))

In view of (2.5), we have therefore proved

< 20"
@.7 Z {hpp@h ) - h G ()} e
m,n=0

= qr ePx ho(-x + u + zZ)hy(x + v + w) .

But by (2.6),

0 A n
ho(-x + u + Z)hy(-x + v + w) = Z hm(-x + u)hn(-X + v) 'FVIZ" .
m,n=0

Equating coefficients of 2™ we immediately get (2.3).
3. Analogous to (2.2), we may define

o0
* x\,k
(3.1) h*@) = bYe,A) = Zﬁmk(k)" .
k=0
Then
Bt (0) = H_

and
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* - k4 *
hn +1(x) = hn(x) + hn_l(x) .

Moreover,

[e o]
* — Lk % -\ X k
%hn(x) B hn(X +1 - hn(x) - Hn+k<k - 1))\ :
k=1

so that
' — *
.}A{hn(x) = )\hn+1(x) .
Clearly the series in the right member of (3.1) converges for sufficiently small
|A]-
1t follows at once from (2.4) and (3.1) that

(3.2) W) = — 7 [+ he)® - B2+ AT
We have also
o0
(3.9) h¥(x +y) = h* () <§> .
k=0
Now by (3.2),

-qh;n_l(u)hr*l(v) + h‘;’n(u)h‘l"1 +1(V)
@ - A" X -q@®™ 11 + an)® - 271 + NTI[QPA +an)® - B + BNV
+ [+ en - AR + VI[P +on)Y - 2@+ p0 )

@ - B)-Z {(_qam+n—1 + C¥m+n+1) a+ ah)u+v

+ (_qﬁm-m—l + ﬁm+n+1)(1 + ﬁ”\)uw

- (qa/m—l,ﬁfn + amﬁn+1)(1 + o + gAY

- q@®™ L 4 ™ eV + BN

Since o = q and
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this reduces to

(o4

o -¢q=oal-p), P -q=-pla-p,

_ ﬁ)’l 0{m+n(1 + ah)u+v _ ﬁm+n(1 + BMu+v .

We have therefore,

* _ L3 b L
(3.4) h @+ V) = —gif  @h &) +h @h .
Similarly, we have
(3.5) h* @h* @ - B2 = ™7+ pa + aat)? .

Finally, corresponding to (2.3), we have

(3.6)

provided

1. M. Elmore,
pp. 371-382,

h* (u)h*

m+r - n+r ) - h;' (b g

m-+n+r

= q" h @ = xh (v - (@ +pA + ar2)*,

Xty =u+v.,
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