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H-175 Proposed by L. Carlitz, Duke University, Durham, North Carolina.
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H-176 Proposed by C. C. Yalavigi, Government College, Mercara, India.

In the "Collected Papers of Srinivas Ramanujan,'" edited by G. H.
Hardy, P. V. Sheshu Aiyer, and B. M. Wilson, Cambridge University Press,
1927, on p. 326, Q. 427 reads as follows:

Show that
1 2 3 1 1
+ + + = s+
e21r_1 e47T—1 eeﬂ—l 24 8w
Provide a proof.
H-177 Proposed by L. Carlitz, buke University, Durham, North Carolina.
Let R(N) denote the number of solutions of
N=Fk1+Fk2+ +Fkr (I‘=1,2,3s ')s
where
ky > ky > -e0 > k. > 1,
Show that
W R Fom) = Rone1fam) = @ - Wy + Fpp g 2 m),
(2) R(FZnF2m+1) = (n - m)F2m+1 (n > m),
— - >
3 R(Fy  Fp ) = (- mF, (@ > m),
2 = 2 = >
@ R 4) = RE,) = Fy 4 21
SOLUTIONS

SUM INVERSION

H-151 Proposed by L. Carlitz, Duke University, Durham, North Carolina.

a. Put
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00
-1 m
1 - ax® — _ = n
(1 - ax? - bxy - cy?) z Ap X ¥ -

m,n=0
Show that
o0 -
Sty - - et} |
An,nx = {1 - 2bx + (0% - 4ac)x?} .
n=0
B. Put
o0
-1 _ m n
(1 - ax - bxy - cy) = Z Bm,nx y .
m,n=0
Show that
[>¢]
n _ 2 ol 2
Z Bin¥ = {@ - bx)? - 4acx}
n=0 ’

Solution by M. L. J. Hautus and D. A. Klarner, Technological University, Eindhouen, the Netherlands.

In a paper submitted to the Duke Mathematical Journal (the diagonal of

a double power series), we have proved the following result:

Theorem. Suppose

0 o0
F(x,y) = Z Zf(m,n)xmyn

m=0 n=0

y| < B, thenfor all z such

converges for all x and y such that |x| < A,
that ‘ZI < AB, we have
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o0

—2—% éfF(s,z/s) _@S = E f(n,n)z" ,

n=0

where C is the circle {s:ls| = (A +lz|/B)/2}. Furthermore, if F(s,z/s)/s
has only isolated singularities inside C, then the integral can be evaluated
by summing the residues of F(s,z/s)/s at these singularities. Coincidental-
ly, we gave Carlitz' Problem B as an example in our paper. Problem A can

be treated in just the same way. According to the theorem cited,

n 1 -s ds
A X = m—— f
Z n,n 2 & et - (1 - bx)s? + cx?

The singularities of the integrand are

1

1\2
16, = (1 - bx - (1 - 2bx + b%x? - 4acx2)z)
=-Vi

B 2a

and

1\
_ (1 - bx + (1 - 2bx + b%x% - 4acx?)?
i‘92 = 5
a
and the singularities *6; tend to 0 with x while the singularities +6, do
not. Thus, the contour C must include *6; and exclude +6,; using the

residue theorem, we easily calculate

1 f -sds _ 1
2m & als - 01)(s + 01)(s - 2)(s + 0,) a@? - 6%) ’

Substituting the values of 6, and 6, given above yields the desired result.

A generalization of Problems A and B can be given as follows:
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Let

Fx,y) = Z f(m,n) xm yn = (1 - axk - bxy - cyk)
m,n

and let

Fx) = Z f(n,n) <
n

Then according to the theorem cited above, we have

Fx) = 1 551 ds
A C aSZk - @1 - bx}sk + cxk

Set W = e21r1/k, then the singularities of the integrand are wi‘ei,wJez for

j=1, ..., k, where

1/k
o _ [1-bx - @ - 2bx + b2 - dacx")
1 - oa 3
1\ 1/k
) k.2
1 - bx + (1 - 2bx + b2%% - dacx )
02 = 2a ’

Since 6y tends to 0 with x and 6, does not, C includesthe singularities
wJél for j =1, +»-, k, but excludes the singularities 0-)362 for j = 1, ,

k. Now we have the residue theorem to find that

Fey = L / -1 gg _ 1 / _dt _ 1
2m f F B E oK P oK) e abr-65)
C
(1 - 2bx + b2%x* - 4acxk) ,

I
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where C' is a contour inthe t-plane which encircles the singularity 9;1{, k
5 k
times but excludes 65 .

Also solved by D. V. Jaiswal and the Proposer.

HIDDEN IDENTITY

H.153 Proposed by J. Ramanna, Government College, Mercara, India.

Show that

n

3 2 2 — [
0 42 Fori1Fakt2@F 51 * Foras) @F3ia * Foras) = Fipas
0

n

. 2 _ w2 w2 = T3
i) 16 Y Fy F 3k+aT 6i+3%F6k3 = FaxFakes) = Fapas
0

2r

Hence, generalize (i) and (ii) for Fapts®

Solution by the Proposer.

We note that (i) and (ii) are easily verified for k = 0 and k = 1 and
assume the results for k = r and prove them for k = r + 1. Thus we need
show, on subtracting () and (ii) for n = r from (i) and (i) for n = r + 1,

respectively, that

) (2F2

@) 4F 3+1)+2 T Fo(rr1)+3

3(r+1)+1F 3(r+1)+2 T * F o (re1)+3
= 6 -
() F3@+1)+3 ~ Fares
(ii) 16F

2 Fg )

@2F

.F F 2 -F2 F? )
3(r+1)+1 3(r+1)+2” 6 (r+1)+3"" 6(r+1)+3 ~ ~ 3(r+1)" 3(r+1)+3

— 8 _ 8
= F3(pr1)43 ~ Fares -

Equations (1) are true since

W 4Fgpi1)41F 31y (2F23(r+1)+1 " Fo(re1)48 )(ZF?%(r+1)+2 *Fo(ra1)rs)
(3) = F30uyie * Faenen)’ - Faenyen - Faanyer)
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22 4 2 2
61) 16 Fgi i 1y11F3r1)+2F6(e+1)+3F 34142 T O F 3(e41)42F 3 (241) 41

4
+ Fgpt1)+1)

= F8 - F8 = 7 2
Fa+1)+3 ™ Fares = 1P gmny1F spe1) 12T 6(041)+3@F 6(rr1)43
_ w2 2
F3+1)Fa(r+1)+3)
Hence, the desired results follow.
Also solved by D. V. Jaiswal and C. C. Yalavigi.
TRIPLE THREAT
H-154  Proposed by L. Carlitz, Duke University, Durham, North Carolina.
Show that for m,n,p integers =0,
m+ 1 n+1 p+1
E jrk+1INi+k+1J\i+j+1
i,j,k>0
m n p
_ ZZ m-a+b\fa-b+c)fp-c+a
B 2: b c a ?
a=0 b=0 c=0

and generalize.
Solution by the Proposer.

Put

Then
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s
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o
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Z Xy =z Z j+tk+1 )%

isj’k=0 m:O
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o]
ik ik it i el il Cis
- Z < y1 ot J(l—x)sz(l—y) 1k2(1—z) i-j-2
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-1 -1
-2 -2 -2 z Xz
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G-y-na-x-2ta-x-p?t.

I

In the next place,

o0
Z T oyt 2P
m,n,p
m,n,p=0
0 0 0 *©
a b e m + b\_m n+c\n +a
- T Pl (™) ): >( c>y2<pa)zp
a, b ’ C:O m=0 n=0 p=
o0

Pl o pela - gt

-1 -1 -1
a-»7a-yta- z)’l(l— 1’fz> (1-—_1 f'x> (1‘ 1—Zy)

(1—x—z)_l(l—x—y)_l(l—y—z_
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and the result follows at once.

GENERALIZED VERSION

Let k >2 and ny, ny, *++, n non-negative integers. Show that
Z n1+1 (n2+1 ( n +1
ak+a1+1 a1+az+1 ak_1+ak+1

=z<a1 * az)(as ” "‘4) <a21<-1 * aZk>
a1 a3 Aok-1

where the first summation is over all non-negative a4, °°°, aj while in the

second sum

+a. =n

g0 By tag Shgy 8y o FAg 4 =0

K *

Solution. Let S(ny, **+, ng) denote the first sum and T(ng, « -+, ng)

denote the second sum. Consider the expansion of

_ - -1
O = Gy, ey xp) = (Loxg - %) (1 - Xy - xg) e (L-x - x) .
Since
0 a
-1 , -1 X
-x-pl=(@-00-y-xp7" = .
g‘) a-0¥a -yt
we have
% S M e U1
X x eve X
B z\ 1 2 k
¢ = v a, ta +2 a1+a2+2 ak_1+ak+2
al,---,ak=0 (1 _Xi) (1 —Xz) LR (l—Xk)
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00
S T B 17y
o= X 1 ¥ X
al,-. ,a_kz
w -
“ Z (ak+a1+b1+1)(a1+a2+b2+1)m
b o ak+a1+1 a,1+3,2+1
1’ k
ak_l+ak+bk+1 xblxbz... ka
: a1ty t1 172 k
[+
n, n
- 1.2 e
= Z xl XZ cee K S(nl’ nz,..-’nk) .
nl,..-’nkz()
On the other hand, since
00
-1 _ a+bla b
a-x-yte B (P
a,b=0
x a, +a a. a © a, + a
_ 1 2 12 3 4 3.4
¢ = Z ( a )"1"2 Z ( 2, )xzx
al,a2=0 » a3,a4=
)> Zok-1 * 2ak\_2ok-1 2k
a, xk 1
a a. =0 2k-1
2k-1’"2k
o0
n, n n
_ 172 k
= Z Xl Xz e Xk T(nl,n2, ,nk) .
nl’--.’nkzo

The stated result now follows at once.



1970] ADVANCED PROBLEMS AND SOLUTIONS 497
RECURRING THEME

H-155 Proposed by M. N. S. Swamy, Nova Scotia Technical College, Halifax, Canada.
The Fibonacci polynomials are defined by

(x)

f x) = xfn(x) + fn—

n+1 1

with fi;(x) = 1 and f,x) = x. Let Zag = fr(x)fs(y). If Zp g satisfies the
relation

b dz =0

+az + bz + cz +
Zptd, s+d r+3,5+3 42,842 r+1,s8+1 r,s ’

show that

a=c=-xy, b=-x+y*+2 and d=1.

Solution by the Proposer.

Let u, = fr(x) and v, = fr(y). Then,

= = +
Zptd,gtd = UpraVsd (g + UL ) Vg * Vo)

= Xyz + (xu )

r+3,8+3 T Zre2, st2 r+3Vs+2 T Yo Vsss

Now,

)

(Xur+3 Vs+2’. * YUpia Vs+3

)

xX(xu +

r+2 Ul]g-+1)Vs+2 * y(yvs+2 * Vs+1 ur+2

2
62+ ¥)2 0 g T KUy Vo T Y Vg1 U)

= & y2)zr+2,s+2 * Xur+1(yvs+1 * Vs) Ty Va1 Yr42

= &+ yz)Zr+2,s+2 TEYZq, 641 T X Ve T g Vsag ~ V)
= &+ V)20 grn T XY Zp0q gun T Ve ® Uy T W) T Zpp guo
= @ryts 1)Zr+2,s+2 XY Zp,et1 T Vs(_ur) =
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Z

= (2 2
&+ yt 1)Zr+2,s+2 * XyZr+1,s+1 * r,s

Hence,

= Xyz

Z . +
r+4,s+4 r+3,5+3

Thus,

a = xy, b=-6+3+2),

]
=

c = -Xy, d

Also solved by W. Brady, D. Zeitlin, and D. V. Jaiswal.

Late Acknowledgement: D. V. Jaiswal solved H-126, H-127, H-129, H-131.

B e

LETTER TO THE EDITOR

DAVID G. BEVERAGE
San Diego State College, San Diego, California

In regard to the two articles, ""A Shorter Proof,'" by Irving Adler (De-

cember, 1969, FibonacciQuarterly), and ""1967 as the Sum of Three Squares,'

by Brother Alfred Brousseau (April, 1967, Fibonacci Quarterly), the general

result is as follows:

x2 +y2 + 22 = n is solvable if and only if n is not of the form ab(sk +
7), for t=0,1, 2, =+, k=0,1, 2, co- ¥

Since 1967 = 8(245) + 7, 1967 # x*+y? + z% A lesser result known
to Fermat and proven by Descartes is that no integer 8k + 7 is the sum of

three rational squares.* *

*William H. Leveque, Topics in Number Theory, Vol. 1, p. 133.

**Leonard E. Dickson, History of the Theory of Numbers, Vol. II, Chap.
VII, p. 259.
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