
PELL IDENTITIES 
A. F. HORADAIVI 

University of New England, Armidale, Australia 

1. INTRODUCTION 

Recent issues of this Journal have contained several interesting special 
results involving Pell numbers* Allowing for extension to the usual Pell num-
bers to negative subscripts, we define the Pell numbers by the Pell sequence 
{pj thus: 

(p \ . ' " P -4 P -3 P-2 P- i PO Pi P2 P3 P4 P5
 e« 

1 ; ••• -12 5 -2 1 0 1 2 5 12 29 . 

in which 

(2) Po = 0, P l = 1, P n + 2 = 2 P n + 1 + P n 

and 

(2?) P = ( - l ) n + 1 P . 
v ' -n n 

The purpose of this article is to urge a greater use of the properties of 
the generalized recurrence sequence ( w (a,b; psq)}9 discussed by the author 
in a series of papers [2] , [3] , and [4]„ The Pell sequence is but a special 
case of the generalized sequence. 

2S THE SEQUENCE {Wn(a9b; p?q)} 

Our generalized sequence {Wn(a5b; p9q)} is defined [2] as 

• • • W_i 5 W 0 5 W i 5 W2, W3 , W4 • • • 

(3) {Wj: 
. . . R™L_. j a 9 b jpb-qa 9 p2b-pqa-qb ,• • • 

245 



246 PELL IDENTITIES [May 

in which 

(4) W0 = a, Wi = b, Wn + 2 = pWn + 1 - qWn , 

where a, bs p , q are arbitrary integers at our disposal. 
The Pell sequence is the special case for which 

(5) a = 09 b = 1, p = 2, q = - 1 , 

i . e . , P n = Wn(0, 1; 2 - 1). 
From the general term W [2] , namely, 

(6) W = ^ - ^ - aa + 2 £ ^ b ^ 
n a - p a - p H ' 

where 

(7) 
!

a = (p 

d = (p 

+ d)/2, P = (p - d)/2 

- 4q)] 2 ^ i V 2 

We have, for the Pell sequence, using (5), 

d = 2 3 / 2 

(8) { a = 1 + <s/2 
/S = 1 - N/2 

so that ? from (5), (6) and (8), the n term of the Pell sequence is 

*. - " + %,i(i - ^ 

A generating function for ( w }, namely [4] , 
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(10) a + (b - pa)x = £>nxn 

1 - pz + qx2 

n=0 

becomes, using (5) for {p }s 
n^ 

(11) X = E W n X n 

1 - 2x - x4
 A 

n=0 

n=0 

Associated with {w } is [2] the characteristic number 

(12) e = pab - qa2 - b2 

with Pell value 

(13) ep = -1 

by (5). 
Another special case of subsequent interest to us in (32) is the sequence 

(Un(p,q)} defined by 

(14) U0 = 0, UA = 1, U + 2 = P U - qU n , 

i . e . , 

for which 

Un(p9q) = Wn(09 1; p,q) , 

(15) e n = -1 
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and 

(16) U = -q~ n U . 
-n ^ n 

Result (16) was noted long ago by Lucas [6] , p. 308, to whom much of the 
knowledge of sequences like { u (p,q)} is due. Obviously, by (5) and (14),, 

(17) P n = Un(2, -1) . 

3. PELL IDENTITIES 

Specific Pell identities to which we refer are: 

(18) 
[(k-l)/2] 

r=0 

k 
(19) P2k = Z(rK*: r 

r=l 

(20) PQ . = p2 + p2 
2n+l n n+1 

(21) P 0 ^ + PQ = 2P2 - 2P2 - (- l )n 

2n+l 2n n+1 n 

(22) (- l)nP P. = P _,_ P . - P P , . . 
a b n+a n+b n n+a+b 

These identities occur as Problems B-161 [5] , B-161 [5] , B-136 ,[7], B-137 
[ 7 ] , and B-155 [8] , respectively. 

Identity (18) follows readily from formula (3.20) of [2]: 

[n/2] 

(23) j=0 [(n-l)/2] 

+ (2b-Pa) Y: Lf^y-v-w 
j=0 
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on using (5) and (8). 

Identity (19) follows from formula (3.19) of [ 2 ] : 

on using (5) and recognizing that 

r=0 r=l 

Employing the formula (3.14) of [2] and replacing U n there in (and sub-

sequently as required) by U - in accordance with (14) to get 

(26) W ^ = W U .,_- - qW - U , 
n+r r n+1 ^ r - 1 n 

we put r = n + 1, and identi ty (20) follows immedia te ly with the aid of (5) 

and (17). 

F u r t h e r m o r e s (20) may s imply be obtained from formula (4.5) of [2 ] : 

(27) W , W = W2 + e q n " r U 2 

n+r n - r n ^ r 

on choosing r = n + 1 and uti l izing (1), (5), (13) and (17). (P_4 = P 4 = 1.) 

An immedia te consequence of (26) i s , by (5) and (17), the r e su l t 

(28) P , = P P , 1 + P - P 
x 7 n+r r n+1 r - 1 n 

Setting r = n in (28), we deduce that 

<29> P2n = Pn^l^n-l)' 

F r o m (27), with r = 1 and using (5), (13) and (17) (P4 = 1), we have 

(30) P . P , - P 2 = ( - l ) n . 
n+1 n - 1 n 
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Now, to prove identity (21), m e r e l y add (20) and (29). Then 

P 2 n + 1 + P 2 n = PU + <Pn+l P n - 1 " <-«*> + P n < 2 P n + l " 2 P n > 

= P n + 1 + ] W P n + l " 2Pn> " <-«* + P n ( 2 P n + l " 2 V 
= 2(P2 - - P2 ) - ( - l ) n 

v n+1 n -

on using (2) twice , and (30). 

Next, cons ider formula (4.18) of [ 2 ] : 

(31) W W L _,_. - W W ,, = e q n " r U U ,, . 
n - r n+r+t n n+t ^ r r+t 

Put r = - a , b = r + t , t = a + b in (31). Using (2!), (5), (13), and 
(17), we obse rve that identity (22) evolves without difficulty. 

4. CONCLUDING COMMENTS 

I. P rob l em B-174, proposed by Zeit l in [10] from the solution to P rob l em 
B-155 [ 8 ] , namely , to show that 

(32) U J . U _ L U - U U J _ _ I . K = q n U U, , 
n+a n+b n n+a+b a b 

is proved for identi ty (22) from (31) on using (14), (15), and (16). 
II. Discuss ing briefly the sequence { T } for which 

(33) 

where 

(34) 

T = 
n 

r - 1 + \/5 
2 s = 1 - N/5 

and A , B depend on initial condi t ions , B r o . Brousseau [1] a s k s , and 
a n s w e r s , the quest ions: 
(i) Which sequences have a l imit ing ra t io T / T - ? 

(ii) Which sequences do not have a l imit ing r a t i o ? 
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(iii) On what does the l imi t ing ra t io depend? 

He finds that 

(35) l im 
n - 1 

= r 

Th is acco rds with our m o r e genera l r e su l t (3,1) of r2 ] : 

(36) l im 
W 

W n - 1 . 

a if | j 8 | < 1 
P if \a\ < 1 s 

where <x9p a r e defined in (7). Resul t (36) probably a n s w e r s 

Bro* B r o u s s e a u f s que r i e s (i), (ii)? (iii) f rom a sl ightly different 

point of view. 

C lea r ly , the p a r t i c u l a r sequence he quo tes , namely , the one defined by 

(37) Ti = 5, T2 = 9, T l 0 = 3T _,, - 4T 1 * L 9 n+2 n+1 n 

i. e* ? our { w (5,9; 3 , 4 ) } , cannot converge to a r ea l l imi t , s ince by (7), 

(38) a = (3 + i<s/7)/2 
j3 = (3 - 1 N / 7 ) / 2 

which a r e both complex n u m b e r s . 

JUL Corresponding to the specifically s ta ted Pe l l ident i t ies (18)-(22), and to 

the incidental Pe l l ident i t ies (28)-(30), one m a y wr i t e down ident i t ies for the 

jF ibonacc i sequence ( F } = { w (0, 1; 1, -1)} 

(39) J Lucas sequence {L } = ( W n ( 2 , 1; 1, -1)} . 

tGenera l i zed sequence ( H (s ,r)} = { w (s , r; 1, -1)} 

R e a d e r s a r e invited to explore these p leasant mathemat ica l pas tures* R e -

ve r s ing our previous p rocedure of using the { W } sequence to obtain special 
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(Pell) iden t i t i es , one could be motivated to d i scover genera l ized W ident i t ies 

commencing with only a s imple r e c u r r e n c e - r e l a t i o n resu l t . 

Cons ide r , for example , the re la t ionship 

(40) F 2 + F 2 = 2(F2 + F 2 ) . 
n n+3 n+1 n+2 

an aes thet ica l ly a t t rac t ive r e su l t known in embryonic fo rm, at l e a s t , In 1929 

when it was desc r ibed in a philosophical a r t i c l e by DVArcy Thompson [9] as 
TTanother of the many cur ious p r o p e r t i e s " of ( F }- Readi ly , we have 

(41) L2 + L2 = 2(L2 + L2 ) 
n n+3 n+1 n+2 

(42) H2 + H2 = 2(H2 + H2 ) . 
n n+3 n+1 n+2 

Not unexpectedly, the r e s u l t s (40)-(42) a r e alike simply because we have 

p = 1, q = - 1 for each of the sequences concerned. But what , we a sk , will 

happen in the case of the Pe l l sequence , for which p = 2 , q = - 1 ? 

Proceed ing to the genera l ized s i tuat ion, we find 

(43) W^ + w2n + 3 = q"2 ( p V + D W 2 ^ + (p2 + q4)W2n+1 

P e l P s sequence r educes (43) to 

(44) P2 + P2 = 5(P2
J_1 + P 2 ) . 

n n+3 n+1 n+2 

IV. By now, the m e s s a g e of this a r t i c l e should be ev iden t Simply, it i s 

th i s : 

While the d i scovery of individual p rope r t i e s of a pa r t i cu l a r sequence , 

e legant though they m a y be , i s a satisfying exper i ence , I believe that a m o r e 

fruitful mathemat ica l e n t e r p r i s e i s an investigation of the p r o p e r t i e s of the 

genera l ized sequence { w }. In this way, o therwise hidden re la t ionships 

a r e brought to light. To th is object ive, I commend the r e a d e r , 

[Continued on page 263. ] 


