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Let { F } be a Fibonacci-type sequence, where 

Fn+2 = F n + F n + 1 ' F* = a ' F* = b • 

Let {s } be the sequence obtained from the given sequence by taking the 
partial sums of its te rms, that i s , 

n 
S = V F. . n A—' i 

i=l 

Then there is an unexpected relation between the F-sequence and the S-
sequence, namely that S. ~ is a multiple of F„ -. In fact, 

S4r-2 = C 2 r - l F 2 r + l ' 

where ( c } is itself a Fibonacci-type sequence with Cj = 1 and c2 = 3 
(the Lucas sequence). 

Proof. If a and j3 are the roots of the equation 

t2 - t - 1 = 0 , 

we may show, as usual, that 

n a - p 
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We may then obtain S by summing geometric progressions, which gives 

S = afcn - ft11) + bla(aR - 1) - p((f - 1)} 
n a - ft 

Hence, 

t 2 r - l 0 2 r - L , , . 2r 0 2r . 
v = a (a - f t . ) + b(a - ft ) 
*2r+l a - ft 

and 

S 
, 4r-2 r>4r-2, , ur / 4r-2 1X n/,o4r-2 1V1 a(# - f t .) + b| Qf(a - 1) - ft(ff - 1) I 

4r-2 a - ft 

Since 

t 2r 0 2 r w 2r- l , o2r-lv 4 r - l 0 4 r - l , , m 2 r - l , m 
(a - f t ) (a + ft ) = a - f t + (aft) (a - ft) 

4r- l 04r- l , ox 
= a - ft - (a - ft) 

we have 

where 

S4r-2 C 2r-1 F2r+1 ? 

2 r - l ^ fi2r-l 
c 2 r - l = * + P 

It follows that {c } is itself a Fibonacci-type sequence, with 

c t = a + ft = 1 

and 

c2 = a1 + ft2 = 3 
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T h e r e a r e two o ther r e s u l t s of i n t e r e s t . F i r s t , we have a somewhat 

s i m i l a r re la t ion between S. and F~ 9, namely 

S, = c 0 F 0 l 0 - 2b . 
4 r 2 r 2r+2 

This can eas i ly be proved in the same way as the e a r l i e r r e su l t . 

Second, it follows from the e a r l i e r r e s u l t s that 

and hence that 

S n = F n + 2 " b 

S _UQ = S + S ^ + b n+2 n n+1 

[Continued from page 295. ] 

bis — for (5 ) , the product AB by the product of the values of A and B 

re la t ive to the sequences y and z , and, on the o the r hand, 0 by the sum 

of the values of 0 for these sequences . 
~ f o r ( 6 b l S ) ^ A B by AB and 0 by 2 0 , 

— f o r ( 7 b l s ) NJ"AB by AB and 0 by p + 2 0 . 

12. The author thinks he has shown, by the p re sen t study which does 

not maintain to be exhaust ive , how much the use of hyperbolic l ines to e x -

p r e s s the t e r m s of the l i n e a r sequences of the type (1) i s favorable by the 

s impl ic i ty which i t in t roduces in the calculat ions bear ing on these sequences , 

by the fact also that i t sugges t s r e l a t i ons , which m a k e s i t e a s i e r to se t up. 

These advantages a r e special ly c l e a r in the ca se of the Fibonacci and Lucas 

sequences , for which it is poss ib le to r e - e s t a b l i s h quickly the well known 

formulas concerning them™ 


