GENERAL IDENTITIES FOR RECURRENT SEQUENCES OF ORDER TWO

DAVID ZEITLIN
Minneapolis, Minnesota

1. INTRODUCTION

Let Wy, Wy, a # 0, and b # 0 be arbitrary real numbers, and define

L) W ., =aWw ., -bW, a®-4b #0, m=20,1,-"),
(1.2) U, = @ - pN/e-p (@ =0,1,-) ,

(1.3) v, =d + g m=0,1,),

(1.4) W = WV, - w_)/b" @=0,1,:),

where o # B are roots of x2 —ax+b =0, If Wy =0 and Wy = 1, then
WnEUn, n=20,1,.c.; andif Wy = 2 and W; = a, then WnEV , D =
0, 1, -+, Our first result is

Theorem 1. Let W, and W’;‘l be solutions of (1.1). Let r, m, and

n be integers (+, -, or 0). Then, for k =0, 1, **°,

r+m r n+rk+Him

@5 Y -1 (‘;)wk’l W W
i=0

k . .
_ brkUl:n ZO (_1)J (%)Wlf—JW%W*
J:

n+j

Special cases of (1.5) are given by
Corollary 1.

k
— ifky. k-i _i _ rkUk
(1.6) 1%6 (-1) (i)Ur+mUrUn+rk+im =b mUn '
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k i _ vk
@7 E -1) () r+m Ve Wirktim ~ P Ufnwn ’
i _.rk
(1.8) Z D (L) rim Or VnirkHm - P Ufnvn ’
2k 2k 2k-1 i I, 2kr 2k
- 2
(1.9) 12::0 -1) ( i )Vrﬂn Vr Un+2kr+im (a* - 4b)"b m Un ?
2k 2k ke 2kr 2k
— (a2
(1.10) 1§0 -1) ( i )vrﬂn Vr Wn+2kr+im (@ - 4b)"b Um n’

2k
2k-i a2 k. 2kr. 2k
(L.11) :__L(‘) -1 (1 )Vr+m Vr Visgkrsim © @ - 40DTU Vo
zgrl( 1) 2k+1 2.k+1— V v
= r+m r n+Qk+1)r+im
(1.12)
- _(a? - 4b)k+1b(2k+1)rU2k+1U ,
m n
szl 1) (Zk + 1>V2k+1—i viu
b i r+m r n+@2k+1)r+im
(1.13)
_ @2k+1)r _ 2k+1
= —(a? 4b) b U, TV, -

Our next result related to Theorem 1 is
Theorem 2. Let Wn be a solution of (1.1). Let r, m, and n bein-
tegers (+, -, or 0). Then, for k = 0, 1, .-+, we have
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k
Vle«:r+n
_ Ly2]
2 _ )] p2imyk-2j ;2] -
( )(a b)"b +mUr (W n 2jm bWOUn—ij—l)
(1.14)
k-1)/2
. [( )/]( . )(az _ 4b)Jb(2J+1)m k-2j-1 2J+1(W
=) 2j +1 Veim 1 n-(2j+1)m
bWOVn (2j+1)m-1 )
(1.15)
)
= 2 jp2im kZJ 2j
Von Ykran = (2j)(a - 4b)’b rim U Un_2jm
[(=1)/2] o
k 2j+1)m_ k-2j-1_2j+1
- 2 _ 41y (20 i j
jgb ( 2 + 1) (a2 - apylp Iy 2i-1,2 Vo 2i+1)m *
(1.16)
k L2l 2jm k-
2 Jp2im k=2j ;2]
Vm kr+n ; ( )(a 4b)"b r+m Ur Vn—ij
k-1)/2
[( Z:)/] k )(a2 - 4b)jJrl b(zjﬂ)mvk_zj_lejﬂU
=0 2j+1 r+m r n-(2j+1)m °
2. PROOF OF THEOREM 1
Let W; = Slan +Szﬁ\rl and Wn = Ciozn +Czﬁn, n=0,1, .-, where

5 and Ci’ i =1, 2, are arbitrary constants. Since W; = C; + C; and
Wy = Cia + CyB8, we readily find that

k . L.
@) - pd = - )t - 5 (-1>J(§)W'f'3w8 g
p2

2.2) @-B%CE = @w, - w)* =

||[v]w

1)3( )Wk wid .
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Let L denote the left-hand side of (1.5). Then, using the binomial theorem

. 'k
and representation of Wn, we have

k k
_ n+rk m n+rk
@3) L =S (W, - W) +8F W - fTW) .
Since
m = m, ¢
rm ~ ¢ Wr—(ﬁ’m—a)ﬁcz
and

o m m, r
Wosm = B W, = @7 - g™l

we obtain, using o = b, (2.1), (2.2), and (1.2),

Kk k
L = sp 5™ - ™) oF + 5, p™ g @™ - ) cf

(2.4) b UL {8, 1M@ - pFcy + 5,8 - pFch}

1

brkUlrcn % (_1)1(1;)“,1{1—]“]% 80" + 5, 4M) = R,
= :

where R denotes the right-hand side of (1.5).
If Wr = U_ and W; = Un’ then Wy = 0 and (1.5) gives the special

T
case (1.6), noting that all terms in the right-hand sum of (1.5) vanish except
for j = 0.

Since’
(2.5) Wn = WOUI'H'l =+ (W1 - aWO)Un ’

we obtain (1.7) from (1.6); and (1.8) from (1.7) when Wn = Vn.

It w, =V, (i.e., Cy =Cy = 1), then (2.4), with k = p, gives



1970] RECURRENT SEQUENCES OF ORDER TWO 361
(2.6) L =bP 0 (@- pPse-DP + 56" .

Noting that (@ - )% = a® - 4b, then (2.6), for Wr=TU (e, 85 =-8 =
1/l - B)), gives (1.9) for p = 2k and (1.13) for p = 2k+ 1. Using (2.5),
we get (1.10) from (1.9); and (1.11) from (1.10) when Wn = Vn

If W;“l = V][1 (i.e., Sy =8y = 1), then (2.6) gives (1.12) for p = 2k
+ 1,

If a=-b=1, then Un = Fn’ and (1.6) gives the identity of Halton
[1, p. 34] as a special case.

3. PROOF OF THEOREM 2

Our method is a generalization of a proof used in the unpublished Mas-

ter's thesis of Vinson [2, PP- 14—16]. If we treat o' and Br as the un-

knowns in the system (o - ,B)Ur =a' - ,Br and Vr+ = ™oF + ,b’mﬁ , wWe
obtain
r _ r _ m.
Voo =V .+ e-pF U, and VB =V - (@-fe U,

k k
Since W, = = " @) + Cy8M(B°) , we obtain

kr+
k n k m. K
Vi Wiepan = C1@ (Vo * @ - ﬁ)ﬁmUr) + Czﬁn(Vr+m - le-p)d u)
@1 S i k-1 n—m n-mi
-2 (%) - o' v hen™ 10" + cvic, 84

Now
Cian—mi + (_1)1 Cy ﬁn—mi
[w, - W)™ & Chlew, - w) B~ ™1/ @ - B

(an-mi ~ (-1) ‘Bn—ml bW (a,n -mi-1 - (=1 ‘Bn—ml 1
o - B - a - B

11

1l

Wy
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Since (@ - f)?> = a% - 4b, we obtain (1.14) from (3.1) for i = 2j and i = 2j
+ 1.

It W, =0, then Wy = 0, W; = 1, and thus (1.14) gives (1.15). If
Wn = Vn’ then Wy = 2, Wy = a, and thus (1.14) gives (1.16), noting that
Vn = aUn - 2bUn_1 and that :

- = - = 2 _
aVn 2an_1 2Vn 41 aVn (a 4b)Un .

4. EXTENDED RESULTS
Our next class of results are of a higher level order than Theorem 1,

since we now essentially replace WI"I‘ in (1.5) by its cross-product with itself.
Theorem 3. Let Wn and W;‘l‘ be solutions of (1.1). Let r, m, p,
and n be integers (+, -, or 0). Then, for k = 0, 1, -~

* (@2 - 4b)

k
ifk) ki Ay
Z—% -1 ( i) W1;'+2m Wy Wp+im Whtim

k
rk I\ wS-Iwid (war W
b UIZ{mJE 1) ( j) 1 Wo (W Vp+n—rk+j'2bW° i"vp+n—rk+j—l
22k
+ bW Vp+n-rk+j—2)

(4.1)
2% 17k 2 k
- (W5 - aWFWF + bWg )lonvp_nUlI‘n WiV = bWe V. J)
Corollary 3. In special cases of (4.1), we have
S ifk Wk—i i
?;:0 -1 (1) r+2m W;Vp+im Vatim
(4.2) o 3 (K)o wiy
: 2m ~ 7 \j) 1 0 Yp+n-rk+
j=0
k

WiV = DWo Vo )

R k
+ b Vp—nUm
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2, () bt

r+2m r p+Hm nt+im
4.3)

_ .rk.k k
=b UZmVp+n rk bnvp—nUlI{nVﬁ-m ’

2k o
> (-1)1<zik)v2k'1 ViV

=0 r+2m r p+imvn+im
(4.4)

2rk UZk 2k, n 2k .2k
= 2 - 2 — "7 'U' ‘U’
@ 4]0) b 2m p+n -2rk * (@ - 4b)™"Db p-on m r+m’

2k+1 A
2k + 1 2k+1-i i
i{—"‘% (-1) ( i )Vr+2m Vrvp+imvn+im

(4.5) - 4b)k+1 (2k+1)U2k+1U

2m pin-r(2k+1)

G D Y A i Sl

4b2(1)<) 21wy

=0 r+2m r p+im Un+1m

= pin-rk+j

)k
r+m-1 ’

1
o‘ti
<
=B

0 Um W1V, = BW0Y,

- 4b) Z (-1) ()Uk"l

20 r+2m " r p+1m Un+1m
4.7)

= brkUk " Sty R R

mn-rk ~ p-n m 'r+m ‘’
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2k Zk i,
1}: D <1> r+2mV;"Up+imUn+im
(4.8)

_ k-1 Zrk 2k 2k- 1 2k
= (a - 4b) UZmVp+n—2rk (a® - 4b) Vp—n (UmUr+m) ’

2k+1
2k + 1\ ., 2k+1-i
:éb (- 1) ( \Vr+2m Vr Up+1m Un+1m

(4.9) k b1“(2k+1) U2k+1 U

=1 — 2 —
@ - 4b) 2m pton-r(2k+1)

a2 2k, n 2k+1  2k+1
(a 4b)™ b Vp_nUm Ur o

Closely associated with Theorem 3 is
Theorem 4. Let W be a solution of (1.1). Let r, m, p, and n be
integers (+, -, or 0). Then, for k =0, 1,

k i
i
ig() -1 ( )W1;+2m W, p+1mvn+1m

_ otk ok ; iwly
(4.10) = v Uy <)Wk LA

n k

U Um(W1V - bW, V.

)

r+m-1

Corollarz 4. As special cases of (4.10), we have

i
E D ( ) +’)m Ur Up+1m Vn+1m

_ ,rk .k n k k
=b Uom Up+n—rk *+ b Up—nUmVr+m ?

4.11)
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2k .
if2k\.  2k-i i
jg) -1 (i )Vr+2m Ve Up+im Vatim
(4.12)
k, 2rk . 2k 2k, n 2k _ 2k
= (42 _ 2 _
G - 4p) B UG UL @ - an P Rl
2351 (—1)i 2k +1 V21<+1—i Vi U v
=0 i r+2m r “pHm ‘n+m
(4.13) o k. r(@k+1) . 2k+1
= -(@® - 4b)" b U‘;m vp+n—1'(2.][«;+1)
+ (@2 - 4b)2k+1 B 17 U2k+1 2k+1

p-n “m T+m

Remarks. Since UZn = Unvn’ we note that for p = n, (4.10), (4.11),
(4.12) and (4.13) reduce to special cases, respectively, of (1.5), (1.6), (1.9},
and (1.13).

5. PROOF OF THEOREM 3

We readily find that

+ S%Bp“Ln 62m1 + 85, anp_ P

(5.1) W* . W* = Sa N

pHm n+im

Let (@% - 4b) - L denote the left-hand side of (4.1). Then, the binomial

theorem, using (5.1), gives

L = Sziapm W _ aszT )k + S% ﬁp+n(W

2m k
r+2m g

T+2m Wr)
(5.2) m. ok
- b Wr) .

n
-+ Si SZ b Vp—l‘l (Wr+2m

Since Wn = Ciozn + Cy ﬁn, we have, using (2.1) and (2.2) for k = 1,

k _ .k
= Uy Wi Vi — PWo Vs,

k

m Y =Y .

(5.3) (W - b W)

r+2m r +m-1

Noting the relations cited after (2.3), we have
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rkap+n-rk k 2m aZm)k

L = Sib Cy B™ -

brk Bp+n-rk le (QZm _ BZm )k

2 n
(5.4) + s + 8§V Y

brkUlzim Siap+n—rk (—l)k(a/ _ B)kcf + S%Bp+n—rk(a B B)kcliii

n
+88b"V ¥

Recalling (2.1) and (2.2), we now have

Kk . o . .
L = pE Ulz{m ;) (-1)J(l;>wlf'3 W} (sgapﬂl-rkﬂ + 8 -k )
J:

(5.5)

n
+ 545, b Vp_nY

Since (@ - B)S; = Wi - BW; and (o - B)S, = aW, - Wy, additional simpli-
fication of (5.5), using af =b, @+ =a, and (@-p)% = a’- 4b, yields
(4.1).

If W=V, then Wf =2 and Wy = a, and thus (4.1) gives (4.2),
noting that

2 - 2 = 2 _
a VC 4ach_ + 4b Vc-z (a 4b) Vc .

1
We get (4.3) from (4.2) when Wn = Un .
If Wn = Vn’ then (4.2) gives (4.4) and (4.5), which are also obtained
from (5.4), where S; = § = Cy = Cy = 1.
If W’B = Un’ then (4.1) gives (4.6), which gives (4.7) for Wn = Un.
If Wn = Vn’ then (4.6) gives (4.8) and (4.9), which are also obtained from
(5.4), where now C; = Cy =1 and S = -S; = (@ - B)_l.

6. PROOF OF THEOREM 4
We readily find that

p-+n

(6.1) U v =«

goin
pHim n+tim o -B T a-

2mi mi n mi
—_— + b U b .
“« B ¢ p-n
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Let L denote the left-hand side of (4.10). Then, the binomial theorem,
using (6.1), gives

p+n p+n
_ o 2m k B 2m k
L= a7 Wenom -9 W) - a-p Wesom —F Wp)
n m k
+hb Up-n(Wr+2m -b Wr)
(6.2)
= b™Uy @) e - gl - e gl e - g
n
+b Up—nY .

Using (2.1) and (2.2) in (6.2) gives the desired result (4.10).

We obtain (4.11) from (4.10), where Wrl = Un‘ If Wn = Vn’ then
(4.10) gives (4.12) and (4.13), which are also obtained from (6.2), where Cy =
02 = 1.

7. ADDITIONAL SUMS
Closely related in proof to the above theorems are the following results:

Theorem 5. Let Wn and WI"; be solutions of (1.1). Let m, p, and

n be integers (+, -, or 0). Then

2k if2k
Z(—l)(. W WF . & > 0)
P i pHm n-im
(7.1)
= P v @ - ) Tzl
where
* % *
WoWIV, g pe1 = ®WoWs + WiWDV, oo o
(7.2) * - :
T OWe WiV oimop-1 = Zi(m,j) )
2k+1 .
if2k +1 % = cos
i}:_o (-1) ( ; >Wp+imwn—im =0,1,:")
(7.3) B
= pr12111<+1 @ - 40)5 . Zym,k),

where
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* * *
Wo Wy Un-—(2j+1)m-p+1 - bWo Wy + Wy Wy )Un—(2j+1)m—p
(7.4)
+ b W; Wil @j+1)m-p-1 = Z2(0:])

Corollary 5. As special cases of (7.1) and (7.3), we have

2k .
i f2K _ p.2k k-1
(7.5) 120 1) (i)Up+imUn—im -b Um (@ - 4b) Vn—ka—p ’

2k b2k
(7.6) 1‘:-(:) -1) (1) p+1mvn -im b ( 4b) V -2km-p °’

2k p, 2k k
—3 - 2 —_
(7.7) 1_5_:0 (-1) (1 ) i Vn—i b*U " (a 4b) Un—Z] o’

2k = P U @2 - ) U ,

(7.8) Z -1) (1) p+1mUn im

n-2km-p

2k+1
2k +1 — _pPy2ktl o k
(7.9) 1§0 -1) ( )Up+imUn im = P Uy @ -4b) Un—(2k+l)m—p ’

(7.10) >

2k+1
2k+1 _ .br2k+1 o k+
o -1) ( )Vp+imvn—im = b0 (a* - 4b) Un—(2k+1)m—p ’

2k+1
2k +1 _ _pPr2ktl
(7.11) EE} (- 1) ( ) p+1mvn—im = -b Um (a® 4b) V -(2k+1)m-p°
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Theorem 6. Let Wn and W;: be solutions of (1.1), Let m, p, and
n be integers (+, -, or 0). Then, for k = 0, 1, «-.,

& (K K k
(7.12) Z,(i>w W )(a2-4b) = 257, +prmZ4 ,

i=0 p+im n-im

where

- * B * * 2 *
(1.13) Zg = WiWy Vo) - bW Wy + WoWEV ) g +DPWoWo Vo o

= ZS(p3n)

_ * * ;
(7.14) Z4 = Wo W1 Vn—-k:ln-p+1 - (bw()Wo + Wiwl )Vn—km—p
k
+ bWo Wivn—km—p—l

Corollary 6. As special cases of (7.12), we have

S
iz::o (i)Up+imUn-im )(a2 - 4b)

(7.15)
_ .k P+ K
= 2V - PV
= fk k pk
(7.16) i‘;—é(i)vpﬁmvn—im = 2 Vo F P Vi Vomep
£ (i k pk
(7.17) E)(JUP imVacim = 2 Ypin P Vin Unmkep

Remarks. Special cases of (7.5, (7.6), (7.9), and (7.10) for Un = Fn

and Vn = Ln were given, using matrix methods, in the paper by Hoggatt
and Bicknell [3].
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8. PROOF OF THEOREMS 5 AND 6

We readily find that

(8.1) Wp+im W;--im = §1C, o PRI C15, QP gh-im
8.1

+ €481 4 Cys, PR
For r > 0, we obtain, using the binomial theorem,

r .
Y *
.2::0 -1 (i)vaﬂmwn—im

(8.2) S1C, "B (1 - & ™ F™)T 4 €,8,0PE( - )T

1l

prll;l @ - BT(8;C, ™ IP 4 (L1)Tes, 0P |

Using (2.1) and (2.2), (8.2) gives (7.1) for r = 2k and (7.3) for r = 2k + 1.
Special cases (7.5), «++, and (7.11) are readily obtained from (7.1) and
(7.3) for the choices indicated.
Using (8.1), we readily find that

K
Z k k +n +n
i O(i)wp+imw;:—im = 27018187 + 0y A7)
1:

(8.3)

+ bP Vli (8,C, A EP 4 ¢, g, gAKDP)

Using (2.1) and (2.2), (8.3) reduces to (7.12). Special cases (7.15), +++ ,
(7.17), are readily obtained from (7.12).

9., MORE SUMS
Introduction of new integer parameters requires that we redefine cer-

tain identities by notationally including parameters previously suppressed

for simplicity. Thus, we define Z;m, j, p, n) by (7.2); Zy(m,j,p,n) by
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(7.4), and Zgz(p,n) by (7.13). Using (8.1), we can obtain the following re-
sults, whose lengthy details are omitted.
Theorem 7. Let Wn, W;"l and W;‘l"" be solutions of (1.1). Let m, p,

n, and r be integers (+, -, or 0). Then, we have

2k ifox
> ok
i=}"0 -1 <i Wr+21me+1m Wh-im (> 0)

k-1 -ka UZK
= 2

©9.1) (a® - 4b) r+2kmz3(p’n)
k-1 Zk

Uy [Wo' Zp(4mk, 0,p + 1 - 1,n)

+ bPHT (a2 ~ 4p)

- WT*ZZ(‘Lm-ks 0, p+ r,n)],

2k+1 )
2k + 1 ok *
12% - 1) ( / b Wr+21mwp+1m Wn im & =0

k-1 b-m(2k+1) k+1

= (@ - 4b) [ bWe*V.

r+m{2k+1)-1
9.2
-2 - Wit Vr+m(2k+1)]z3(p’n)

+ P (a2 - an)TUZE (W 2y, 2k + 1L,p +x - 1,m)

-WH¥Z,m, 2k+1,p+r,n)],

- 4D) Z( > ;121mwp+1mwn im = 0)

= Zkbp[Wi*Zz(O, k, p-r, n) - bW(TkZZ(O, k, p-r+1,n)]

(9.3
+ Py, k [Wo Z,(@2mk,0,p +r - 1,n) - WT*ZZ (2mk, 0, p + r,n)]

-mk k % %
+b TV WEE L Z3(psn)

Remarks. As a typical special case, we get from (9.1),
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2k if2k\, -mi
i=ZO v (i )b Ur+ZimUp+im Un_im k > 0)
(9.4) = (a2 _ 4:b)k-1 b—ka UZk

m “r+2km p+n

ptr, 5 k-1..2k
+b" T(at - 4b) U2m Un—4mk—p—r
Theorem 8. Let W W;, and WI”;" be solutions of (1.1). Let m,
p, 0, 4, and r be integers (+, -, or 0). Then

2k if2k
; * *
:L:% (-1) ( i )Wp+im Wq+im Wn—im Wr—im >0
= pP 3k @ - 4b)k'221(m, k, p, n)Z3(q, 1)
(9.5) m
+ quilf (a? - 4b)k'221(m, k, q, 1)Z3(p,n)
T et - 4b) U, AV S amk)
where

A(WER) = (Wo Wi W, - 2Wy Wi (bWo Wg' + Wy W Wi
(9.6) + [DE(Wo Wg')? + 4bW,o Wy Wi Wi + (W, W W
- 2b Wy Wy (bW Wi + W, W)W, + b2W, W)W,

2k+1

if2k + 1) . .
;1:6 (-1) ( i /b Wp+iqu+imWn—imWr—im (k2 0)

2k+1

9.7) = DPU " @ - 40z, m, K, p, 0)Zs(a,m)

2k+1

o a? - 40717, m,k, 0,25, n)

+ by

+ bp+q(a2 _ 4b)k_1U2k+1

om AT

n+r-p-g-2m(2k+1) )
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Remarks. As a special case of (9.5), we have
2k
Z(l)(ZK) .U .U .U . k > 0)
by i p+1m g+Hm n-im- r-im
p,2k
-b U (a? 4b) n -2km qu+r
9.8) Zk
- pduZK @2 ap)-
r 2km-q p+n

m
pta, o k-2_2k
+b" Ha* - 4b) UZmVn+r—p—q—l K *

we obtain from

For Fibonacci, Fn’ and Lucas, Ln’ sequences,
(9.8), with a = -b =
2k
2k
Z%)( 1) (1>Fp+1m Fq+1m Fn+1m F1c‘+1m >0
(9.9) = T+l k 2 2k
-1) Fan+2km+p q-r
n+1 k 2.2k k-2_2k
+ 1) Fm1‘r"r+2k1'n+q]-“p—n +5 FZan+r+p+q+4mk :
Theorem 9. Let Wn, WI’;, and W** be solutions of (1.1). Let m,
p, n, g, r, and t be integers (+, -, or 0). Then
* W* | k > 0)

2k . .
if2k), -mi.
(9.10) Z: (-1) (i )b Wt+Zime+iqu+imWn—im r-im
k-2 Zk ok
m [Wo Zo(4mk,0,p+t-1,n) - Wi Z,(4mk, 0,p +£,0)] Z3(q,T)

= PPz - ap)
o [W5 2y (4mmks, 0,q +t - 1,7) = Wi*Z o(4mk,0,q+t,1)]Z3(p,n)

+ b1 (a2 - 4p)
bV\fB* A (Un+r+t—p—q-2mk—1 )]

p-}-q 9 k—Z Zk -—
+b" et - 4b)T U [WA(Un+r+t—p—q—2m)

+ k-2..2k ok ok
+ P TIT @2 - 4p) U] [Wo AUy pogot-smis) ~ VAU b g t-6mic]

+b'2mk( 4b)k 2 szlfwtﬁka 3(p,n) Z3(g, 1)

-2mk-+n+q,_ k-2 Zk
+b (a% - 4b) mWﬁkaVp_’_r n-q (W09W1)D(W0 s W;[) )

where
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(9.11) D(Wy, Wy) = -(Wi - aWy W, + bW3)

2k+1 ok + 1
ek * *
iz=‘:0 1) ( >b Wt+21mwp+1qu+1mwn 1mWr -im (e 20)

= pPH(a2 - ap)<2 2k+1[Wo Z4(m,2k+1,p+t-1,n)

- W2y, 2k +1,p+t,n)] Zs(q, )

k- Z 2k+1

+bT* @2 _ 4p) [W Zym,2k+1,q+t-1,r)

- W, Zl(m,2k+1,q+t,r)]23(p,n)

+ k-2 2k+1
+b7(a? - 4b) [W1 AV rag -p-q- m(2k+1))

- bWA(V n+r+t-p-q-m(2k+1)-1
)

(9.12) )]

+bp+q+t( 2 4b)k -2 ékﬂ[wo AV

n+r-p-q-t-3m(2k+1)+1
- Wy AW

n+r-p-q-t-3m (2k+1) )]
+p A @2 g2y 12111{+1[bW*°kV+m(2k+1) 1
- WiV im ok 1) Zs @2 1) Z3(a, 7)

_m(2k+l)+n+q( 9 4b)k 2 2k+1 bw*wt+m(2k+1) .

WHDWo, WOV, e

+b

- WiV, i (k1) '0 Ve

Theorem 10. Let VVn and W;‘; be solutions of (1.1). Let m, p, n,
q, r, t, and s be integers (+, -, or 0). Then, for k > 0,

2k : * * *
E ( 1) (1> p+1qu+1mws+1mwn lmWr lmwt"im

~loSUZK( - ap)*” Zi(m,k,s,t)Zg(p,n)Zg(q,r)

+pr2k(a2 —40)737,(m, k, p, 1) Zs (@, ) Z3(s, )

+qu (a2 - 4b)k’3zi(m,k,q,r)Zg(p,n)Zg(s,t)

% 5, k-3
o (2% = 4b) 3Z4(s, AV i r-p-q-dmalc)

k3

9.13) + bp+qU

+ pPTSy Zk

(a2 - 4b) " Zg(a, T)A(V )

n+t-p-s-4mk

q+s Zk
+b Zm( 4b) 3(p DAV -q-s- —4mk’

(Continued, next page.)
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+ bP“Lq*tUIZIlf (a? - 4b) "D (Wo, WD (W3, WH)Zy(m, k, part-r-s,1)
n+q+s..2k k-3
R Vi CLI) D(Wo,Wi)D(W:,Wi*)Zi(m,k,S,t)Vp+r_n_q
pHg+s.. 2k
+ WoWib U, @ - 40 A, n+r+t—p-q—s 6mk+1)

* PHa+S 2k
- OWoWE + WyWHb U2 - 40) A n+r-+-p-g-s-6mk

+ WiwpPTASHy2K 2 ypk-3s v ),

3 n+r+t-p-g-s-6mk-1

r i pHim g+im s+Hm n-im r-im  t-im -

s 2k+1

2k+1
2(1)(2k+1)w WoW_ WAL WE L WAL (k> 0)

(a2 4b>k‘zzz(m K, ,t)Z3(p,n)Zs(q, T)
+bp U @2 45) 2 z,m, k0, 1) Z5(0, 1) Zs (s, D)

qu2““< 2 40)" 22, (m,k, 4, 1) Z3(p,0) Zg (s, )

p+d k+1
019 PR a2 - ap)t ZS(S’t)A(Un+r—p—q—2m(2k+1))
p+S 2k+1
+b (a2 4b) Zg(q, T)A (Un+t—p-S—2m(2k+1) )
q+S 2k+1 9 -
+h (@? - 4b)K Zg(p,n)A(Ur+t_q_s_2m(2k+1))

" bp+q+t i‘f*l( - 41)* 2D(Wy, W1 )D(W3, W5)Zy(m K, p+q+t-T-5,n)

n +s 2k+1 * ok
+q m (a2 4b) D(WO » W1 )D(Wy, Wy)Zy(m,k,s, t)Vp+I'—Il-q

*y P+ 2k+1 2 k-2
+ WoWy b (@® - 4b) A(Un+r+t—p—q-s+1-3m(2k+1))

— (BWWE + W,W, )bpml+S Zkﬂ(a2 _ 4w

+s+1 2k+1
+ WoWyhP TS Tya e 2 -~ ) A

n+r+-p-g-s-3m(2k+1) )

n+r+t—p—q—s—1-3m(2k+1) ).

Remarks. As a special case of (9.13), we have

2k .
if2k J
g%) (-1) ( i )Up"'iqu"'imUS+imUn—imUr—imUt-im (k > 0)
_ s..2k
(9.15) - Um t 4b) t-2km- SVp+n g+r
. o .
- b U ( 4:b) n 2km pvq+rvs+t
q 2k
- b Um (a? 4.b) r olemn.. qu+n "

(Continued, next page.)
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* 2m Vs+tvn+r -p-q-4mk
+ pP*s Uéi{n (a2 - 4b)"" q+rvn+t—p -s-4mk
+ pats Ugil (a2 - ap)*” p+nvr+t—q S-4mk
BRI 2 2 4b)k_3vn—2km—p—Q-t+r+S
_ phtats szjf (a® - 410) Vi _okm- svp+r- n-q

p+g+s 2k 9 k-3
-b Usm @° - 4b) Vn+r+t—p—q—s—6mk

10. BINOMIAL SUMS WITH TRIPLE CROSS-PRODUCTS

The following results are an extension of Theorem 3.

Theorem 11. Let Wn be a solution of (1.1). Let m, py, py, and pg
be integers (+, -, or 0). Let py+py +ps = p. Then

2k . ‘ .. 3
> (_1)1(25) O™, VL (TT Wp_+im> (< > 0)
J

i=0 j=1

_ 2k k-1 3-i i
(10.1) = Ug @? - 4b) 1%( 1) () Wi~ (bWy) Uptomk-i

3
4mk . 2k k-1
U, (a2 - 4b) ZbJW ,

+ D(W,, Wy )b
(Wo, Wy = p- ZpJ—ka

2kc+1
S (-1) (Zk * 1) ™y, )Py (TTW ) k > 0)

& j=1 p.+m
R 18 8-i, o i
(10.2) = Uy~ @ - ap)" 12:40 (-1) (i)Wi bWo)™ Vo im @k+1)-1
- Wy, Wb R Dy Zh o gty ;
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where

(10.3) vy = Z b WiV ij—m(2k+1) - bWOVp—ij—m(2k+l)—l)

Special cases of Theorem 11, with p; = py = p3 = n, are given by

) .

2k
if2k\ ,m 2k-i i .3
% (-1) (i)(b Vo) Ve UL k > 0)
(10.4)
- 2 o2k n+dmk 2k
= (@ 4'b) ( 3mU3n+2mk - 3b Um Un- 2mk) ’
2K 2k-i_i .3
2_6(1)( )(b Vo)V Vi k > 0)
(10.5)
: _ k. 2k n+dmk . 2k
= (@ - 4b) (U3m sp+omk + oP Un Vn—ka) ’
2k+1 ..
3 (Zk + 1) o, )2k+l—lvrln U2+im K > 0)
ao.¢) 0
2k+1 n+2m(2k+1) 2k+
- @40l v 3m  Van+m(2k+1) TP lV “m@k+1))
2k+1 ..
> <2k + 1) By, )2k+1-1v;vf+im & > 0)
i=0
@o.7) ‘'
2k+1 n+2m (2k+1)._ 2k+1
= @ 4b) ( Sm U3n+m(2k+1) - 3b Um Un-m(2k+1)

11. BINOMIAL SUMS WITH FOUR CROSS-PRODUCTS

The following results are an extension of Theorem 3.
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Theorem 12. Let Wn be a solution of (1.1). Let m, pj, Py, pP3, and

ps be integers (+, -, or 0). Let py+py +ps+py = p. Then

2k ifk) . m okei i [ & >0
(11.1) 120 (S N K Y Vi, i ijﬂm

4 . . .
- v @ogp)f?y (-1)1(‘§)w‘f'1 (b Wy)' v,

4m 4 +2mk-i
i=0

3
+ U UZE D2(wy, Wy)(a? - ab)?ER 3 pPIICPIPIH ¢

i=1 p-2p1—2p1+1
2 ) ) .4 4mk+p,
2k k-2 if2 -i i
+ Uy, D(Wo, Wy)(a? - 4b) i};(,)(-l) (1)“’21 (bWo) j§=jlb va_zpj_zm_i,
2k+1 .. (.4
if2k +1 m 2k+1-i_ i
(11.2) §) 1) ( i )(b Vo) Vm(]!:il ij+im> k 20

4
_ 2kl kel ifa\, A4 i
U, (a® - 4b) {Z_‘(,) (-1) (i)v&q OWo)" U 2le1) i

3
25D (o, W (a2 - 4251 3 p BRHD PPy

+(U_U
m - 2m i=1 P-2p1-2py+
2k+1 k-1
-Ug D(Wy, Wy ) (a? - 4b)
. 72_: ( 1)1 2 Wz_i(bW)i 24: IO2m(2k+1)+pjU
Lt VT i)™t 0 L p-2p;-m(2k+1)-i
i=0 j=1 J
Special cases of Theorem 12, with p; = py; = ps = p; = n, are given

by
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2k
if2k),m 2k-i i 4
ig(j) (-1) (i >(b Vam ) Vi Upim (k > 0)

= 2
4m (a 4b) 4n+2mk

L6 UZkUZK @2 - 4b)2k—2 mek+2n

m 2m
k-2, 4mk-+n

2k,
- 4U2m (a2 - 4b) b VZn—ka s

(11.3)

2k o
}_“6 (-1) ( )(b Vs )ZI&'IV]érl Vfl i (k > 0)
1=

= v 410)kv4n+2mk

(11.4)
Zk 2k 2 k+2n..2k
+ 6U, - (a? - 4b) B
2k k. 4mk-+n
+ 4:U ( 4:b) b VZn—ka s

2k+1 .
3 (Zk + 1>(b v, )2k+1—1vlln Uﬁ-lrim & > 0)

Il

U2k+1 @2 - 4b)k"1

““4m U4n+m(2k+1)
2k-+1 2k-1 bm(2k+1)+2n

(11.5)
(a® - 4b)

6(Um UZm)

2k+1 (a2 4b)k 1 2m(2k+1)+nU
2m

+4U 2n-m (2k-+1)

2k+1 ..
2k + 1 m 2k+1-i,i 4 ~
Z (-1) ( i ) b VSm) VJcnvm+im k20

i=0

_ 2k+1
(11.6) = Uy (@ - )" Utnim (2k+1)
+ 6(U U )2k+1( 2 4‘0)2k+1 m(2k+1)+2n
2k+1 k+1 2m(2k+1)+nU

2
- 4Upy @ -40) 2n-m(2k+1) °

12. BINCMIAL SUMS WITH MIXED CROSS-PRODUCTS

The following results are companion results for Theorems 11 and 12
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Theorem 13. Let Wn be a solution of (1.1). Let m, py, py, and ps
be integers (+, -, or 0). Let py+p, +ps = p. Then

T )Ry, )2yl (v ]’3T W & > 0)
s i 2m m\ pytim =2 pj+im

2 . .
_ k k-1 1f2V,,2-1 i
= Uim (a® - 4b) i§6 (-1) (1)“’1 (bWy) vp +9mk-i

(12.1)

3 p,
dmk . 2k k-1 j
+D(Wy, Wy)b™ U " (a* - 4b) jz; b Vp—ij-ka

2 . . :
+ Uznlf(az _ 4b)k-1b4mk+P1 }: (-1)1<21)W%'1 (bWo)IVp

s
6 -2py-2mk-i

2k+1 : o 3
if2k+1 m 2k+1-i_.i
f:"() (-1 < i )(b Vom vm(vpi Hm 1T ij +im> k>0)

1=

2 o
= Uy @40 2 1 (?)W%_l(b% U (ae1)-1

(12.2)

‘ 3 p.
- D(Wo,wi)bzm@k“)uif”’l(az —a)¥ S piu
_ 2

i p-2pj -m (2k+1)

2
_ 2kt o K 2m@kH)Hpg s i 221 i
U, (a? - 4b)°b ié"_:,)( DI )W W) Uy -2p-m (2k+1)-i
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3

E 1) (Zk) (bmvzm)Zk—iVIin (Up1+imﬂ W +im) & >0)
j

i=0 j=2

2 . .
2k, k-1 12\ 2-i i
= U - 9 D (3)witeownt s
(12.3)
4mk-+pj U

3
2k N
+ U, ' D(Wy, Wy (a? - 4b) j;Z b b-2p, omk

- (a? - 4p)<"1 2klo‘mlk“Lpi Z (-1) (i)W%_i(bWO)iU
i=0

p-2p;-2mk-i

3
2k 2=
Z (-1) ( )(bmv -1y Vi <Up1+imTT ij +im> &k > 0)

i=0 =2

k. .2k
= (a2
12.4) (a? - 4b) USmUp +omk

2k k 4mk-+p;
+ U (a? - 4b) ;;b JUp_zpj_ka

k .2k , 4mk+p
2 i
-(@* -4b) U " b p-2py-2mk

2k+1

3
2k +1 2k+1-i_i ,
12—(): (-1) ( )(b \& ) Vi (Up1 +im JUZ ij +im> (k >0)

= U
(12.5)

2k+1

-Un D(Wy, Wy ) (a? - p2m(2k+1)pj

p- 2p -m(2k+1)

0
N'Mw

J=

k-1 20+ 2m(@k+1)4p L pw,):
+ @2 - ap) T oAy 12 eo'(})wi W0V, _pg-m(@lci1)-1 *
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2k+1 .. 3
2k + 1 2k+1-i_ i
?;6 (-1) ( )(b Vo) Vm(Upﬁﬂn-JEngpjﬂm) k > 0)
2k+1
U3m (a? 4b) v p+m(2k+1)

(12.6)

) 3
_ 2ktl, o k 2m (2k+1)-pj;
U, (@ - 4b) J_Zz b JVp—ij—m(2k+1)

k __2k+1 . 2m(2k+1)+p
(a® - 4b) U b p-2p4-m(2k+1)

Theorem 14. Let W, be a solution of (1.1). Let m, py, py, p3s and
ps be integers (+, -, or 0),

Let py+py +ps +py = p. Then

2k . 3 . 4

< 2k 2k- 'l—‘l'

“EO (—1)1( i )(meSm) v, ( pyFim ij+im) (e >0)
1:

=2

3 L
= @ -4t S ( ) “Howy)'U

4111 1.4 p+r2mk-i

3
2k-1 2k <~ , 2mk+p g+
12.7 + D(Woawi)(az - 4h) (UmUZm) l}z'i b ' Wp-2p1"2p1+i

4
k-1 Zk Z b4mk+pJW

-2mk
Uom = p-2p;-2m

+D(Wy, Wy)(@? - 4b)

9

+ (a2 - a2k pimkipy 2 -1) ( ) Lowy) U

Zm p-2py-2mk-i
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2k+1 o 4
2k * 1 2k+1-1_ i
12;6 (-1) ( )(b Vo) v (Vp1 +im’j|:|; ij +im) (k> 0)
= —(a? 4b)k12k+12(1)() (bW)V
0/ Vp+m (2k+1)-i

(12.8)

3
2k 2k+1 m (2k+1) P11+
+ D(Wy, Wy (a? - 4b)“ (U_U b iw
(Wo, W) ) ( m Zm) 2 P-2p1-2D1g

k-1 2k+1 2m(2k+1)+p i 3) 3-i i
2 1 E - W. W)V
- @° - 4b) 2m b =0 -1 (i 1 (bWo) p-2py-m (2k+1)-i

2k+1 2m(2k+1)

- (a? - 4b) D(Wo,Wi)U Yok +1)
where
(12.9) Yok) = 12;2 b (wiv b-2p,-mk - bWOVp—ZpJ.—mk—l) ,

% (_1)1(2k)(bmv Y-ty '[gl'v \ '[érw k>0
=0 i 3m m pj+im / =3 pj+im (> 0)

j=1

(12.10)

k- 1 Zk i
= (a2-4p) Z 1) ( Jwi oW v

+ (a2+4b)2k_ (U U Zkamk+p1+p2 Z -1) ( )W bWo) V

=0 P-2py-2py-i

2
2k-1 2k <~ 2mk+pytp, .
(U_U, )= 2 PPy
m 2m =1 p—2p1-2p2+j

(Continued, next page.)

+ D(W;, Wy) (@2 - 4b)
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+ (@t - ap o2k Z pAmkep; Z (3 )w2 oWV,

i=0 2pJ -2mk-i
k-1 2k | dmkeps
2 -

+ (@2 - 4b) D(Wo, W)U, JZ:ZS b va_ 2pJ.—2mk ,

2k+1 L2 4

if2k +1 2k+1-i_ i -

1220 D ( i )(me3m) Vm(.JDl- ij+im> (‘Jr:-g ij+im)
(12.11)

k =0)

2kt i
= -(? - 12 -1 ( )W% TOW0) U 2k 4

2 . . R
2k 2k+1, m (2k+1)-+py+py 12}2-1 1
+ @ -4 U 1, b go D% Wi owy Vp-2ps-2p,-i

2 .
+ D(Wp, Wy) (a2 - 4b)2k(UmU2m)2k+1 ) lom(Zk+1)+p1+pz+jV

j=1 p“2p1_2p2+j

- @ - a)U 2k+1 Z p2mn(2k+1)4p; Z 1) ( ) w2 pwylu

i=0 p—2pj -m (2k+ 1)-i

- @ - 40 U2 Ip )ilj 2m(2k+1)4pyy

0. W = p- 2p -m(2k+1) °
2k 4
if2k), = 2k-i_ i
(12.12) 1126 (-1) (i )(b A b i (Upiﬂm'jljz ij+im) k > 0)
k-2 2k A
= 2 -
(a2 - 4b) } -1) ( )w bW,)* Vo s2mk_i

(Continued, next page.)
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3

2k-2 2k 2mk-+py+p
- (a% - 4p) D(Wy,Wy)(U_TU b PP w,v
0s W) (U, Uppy) -1 ( P-2D1-2D1.4j

- bW,V
0 p-—2p1—2p1+j—1)

[

k-2, 2k 4mk-+p, -i :
- (a2 - 4b) b Z -1) ( ) (bwo)lvp—Zpi-ka—i

4
+ (a2 - 40) U2 Dwy, Wy 3 b P (wyy ~ bWV

)
: -2 p -2mk -2p.-2mk-1 ’

2k if2k 2k-i_ i —4—
(12.13) 1§:j (-1) (i)(bmvgm) vl (Up1+im_ ij+im) k& >0)

k_.2k
= (a? - 4b) U4m Up+2mk

3

= p—2p1—2P1+j

k Zk 4dmk-H
2 P
- (a% - 4b) b p-2p;-2mlk

k 21{ 4:H1k+[)
4 2 _ z

2k+1 . ' . 4
if2k +1 2k+1-i i -
(12.14) 3> (-1) ( i )(meSm) Vi, (Upl_Hm T ij +im> (k >0)

i=0 =2

2k+1

3 . .
=- (a% - 4b)k—1U4m Z% (—1)1(?;)W1—1(bwo) U pm (2k-+1)-i
i= ‘

2k-1 2k+1 % bm(2k+1)+p1+p1+J W,V

= P-2P31-2P1+j

- bWOVP—2101-2131+j-1 )

- (a2 - 4Db) D(Wy,Wy) (UmUZm)

(Continued, next page.)
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ey 2k+1 - , 2m (2k+1)+p;
(a2 - 4p)" D(WO,WI)U Jzzb w,_ -2p,-m(zk+1)

k—l 2k+1, 2m (2k-+1)+p if 3\, 3-i i
2 _ 1 —
+ (a2 - 4b) U, P 20, (-1) (1)W1 (bWy) Up_Zpi—m(2k+1)—i ?

2k+1

. 4
Z if2k +1 m., 2k+1-i i T—
(12.15) Fr! 1 ( i )(b 3m) Vm (Up1+im j=|2 ij+im) k >0)

k. 2k+
= - 2 -—
(2% - 4b) U4m 1Vp+m(2k+1)

3
(@2 - 4b)2k+1 (UmU )2k+1 )3 bm(2k+1)+p1+p1 +Hy

=1 P-2P1-2Py4j

k__2k+1 2m(2k+1)+p
- (a% - 4b) U, Z b W, -2p -m(2k+1)

, 2k Zm(2k+1)+101
+ ‘(a 4b) U b p-2p4-m (2k+1)

13. REMARKS ON THE PAPER BY CARLITZ AND FERNS [4]

All the important identities of Sections 1 and 2 of the above paper are
special cases of our general results. Indeed, for the proper choices of par-
ameters, our result, (1.7), contains as special cases, identities (1.6), (1.8),
(1.10), (1.11), and (1.12) of [4, pp. 62-64]. In[ 4, pp. 65-66 ], I noted mis-
prints and omissions in (2.9) (for n odd), (2.10) (for n even and odd), and
(2.11) (for n even and odd). If these errors are corrected, we can then say,
for the proper choices of parameters, our (1.9) gives their (2.8) and (2.19) for
even n; our (1.13) gives their (2.8) and (2.10) for odd n. Also, our (1.12)
gives their (2.9) and (2.11) for odd n. The odd and even n refers to their
identity usage, not ours. Our (1.11) gives their (2.9) and (2.11) for even n.

The remaining portion of [ 4] obtained transformation identities for the
Fibonacci and Lucas sequences as an application of Legendre and Jacobi poly-

nomials. Under proper linear substitutions, these same polynomials could
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give transformation identities for Un and Vrl of (1.1) We will illustrate
these ideas with a pair of identities suitable for our purposes.

The following pair of polynomial identities,

2n+1 2n+1 _ s 2n+1[n+iY., _n-i
(13.1) X - (X—l) = i;oz_lTl—( 2i )(X —X) N

n . .
5.2 2 P - gy 3 (an; Jlr Jl”)(xz _t
i=0

appeared as a proposed problem 4356, p. 479, in the American Mathematical
Monthly, 56 (1949), and their solution, in the same journal, 58 (1951), ap-
pears on pp. 268-269, We now proceed to apply (13.1) and (13.2) to obtain
identities for Un and Vi of (1.1).

Recalling that @ and S are roots of x* = ax - b (see (1.1)), set
x = (a/b)y in (13.1) to obtain

n s . s

+ + + + + + -

(13.3) aZ0FL20HL_ (o )20+l $~ §?+11 (HZil)b21 Lagay - 5]
i=0

Thus, (13.3) for y = o and y = B gives the identities

n

2n+ _ 2n +1 {n+il. 2i+1 n-i
(13.4) a 1V2n+1—v4n+2 = lz:%) TE 1 ( 2i )b a Vg 3 *
2n+1 &

(18.5) 2™ Uy 1= Uppin = 2 33T\ 20 3n-3i °

2n + 1 (n + 1)b21+1 n—1U
i=0

In (13.2), set x = (ay)/(2b) to obtain for even n = 2k, noting that ac-2b =
& -b=ale-p), af-2b=pB-a),
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4k+2 2 2k+1 k 2k

{a - {(a® - 4b) - (a% - 4b) 2™ " (4b) (2k + 1) }V4k+2

= 2 kz_:l (aZ _ 4b)ja2j(2b)4(k—j)+1 4k +1 - 2j v
ase = 2 ) Vagee

& i 2i-1,. 4(k-i)+3 [4k + 2 - 2i
2 = - -
+zi§1(a—4b)a (2b) ( i 1 )U4i .

An identity similar to (13.6) is obtained for n = 2k + 1. We note that the
factor (2x - 1) in (13.2) is troublesome for obtaining identities in Un and
Vn for (1.1), but is not so for the Fibonacci sequences.

Additional identities for Un and Vn are readily obtained from (13.1).

For complete generality, we note that o and S satisfy X = Umx - bUm—l’

Thus, from (13.1), we obtain, having set x = (Umy)/ (bUm—l)’ the general
identity

2n+1
(13.7) U W2n+1+p - W2mn+m+p

n
_ 2n +1fn+i), n-i 2i+1
B 1§0 21 +1 ( 2i )Um (bUm—l) W(m+1)(n—i)+p ?

where Un and Wn are solutions of (1.1).
It should be noted that (13.1) gives Fibonacci identities that are not
special cases of (13.7). As a partial listing, we have

n
_ 2n+1 (n+i
(13.8) Lopt1 = & 2T ( 2i > ’
n
an+1 _ 2n +1 fn+1i\, n-i
(13.9)  Hyprieep ~ 4 6n+3+p L4 2 F1 ( 2i )4 Hon-giwp

[Continued on page 421. ]



